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Abstract 

We continue the study of the duality between super-correlators and scattering super- 
amplitudes in planar M = 4 SYM. We provide a number of further examples supporting 
the conjectured duality relation between these two seemingly different objects. We consider 
the five- and six-point one-loop NMHV and the six-point tree-level NNMHV amplitudes, 
obtaining them from the appropriate correlators of strength tensor multiplets in M = 4 
SYM. In particular, we find exact agreement between the rather non-trivial parity-odd 
sector of the integrand of the six-point one-loop NMHV amplitude, as obtained from the 
correlator or from BCFW recursion relations. Together these results lead to the conjecture 
that the integrands of any N fc MHV amplitude at any loop order in planar M = 4 SYM can 
be described by the correlators of stress-tensor multiplets. 
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1 Introduction 

In the maximally supersymmetric Yang-Mills theory in four dimensions (A/" = 4 SYM) 
there is a duality between scattering amplitudes and Wilson loops with light-like edges. 
This was first noticed at strong coupling [Ij via the AdS/CFT correspondence [2], and soon 
after confirmed also at weak coupling [3H6] directly within the field theory. 

Recently, it has been realised that both objects, Wilson loops and MHV amplitudes, 
can be obtained from the light-cone limit of correlation functions of certain gauge invariant 
scalar composite operators, which are the bottom component of the A^ = 4 stress-tensor 
multiplet T [HE]. 

In other recent developments, a procedure for computing the integrand of all scattering 
amplitudes in the theory (i.e. for all helicities and at all loop orders) has been derived [9] in 
terms of momentum twistor variables [10] using BCFW recursion relations [TT] generalized 
to loop level [9j[12]. Supersymmetric generalisations of the polygonal Wilson loops have 
also been suggested as a dual to non-MHV amplitudes in two publications [T3t[T4"] (see also 
recent comments in [15]). 

For MHV amplitudes the equivalence to correlation functions of scalar operators holds 
for the integrands, which was verified in [16]. In this and the twin paper [17] we propose 
to extend this duality to all non-MHV super-amplitudes and to the light-cone limit of the 
super-correlators of stress-tensor multiplets, respectively. We argue that the integrands 
of all planar amplitudes are contained as a subsector of the correlation functions. As an 
illustration of our proposal, in [17J we demonstrated that the n-point tree- level NMHV 
super-amplitudes can be obtained from the aforementioned correlators, computed at tree 
level. Here we continue our investigation of the new duality. We set out to show the same 
for the NMHV five- and six-point amplitudes at one loop, and for the NNMHV six-point 
amplitudes at tree-level. 

The conjectured duality can be formulated as follows. Consider the super-correlation 
functions of n energy momentum supermultiplets (T(l) . . . T{nj) in A/"=4 superspace in 
the limit in which consecutive points become light-like separated. This correlator depends 
both on the chiral (9) and anti-chiral (9) odd coordinates of M = 4 superspace. To be 
able to compare it to the super-amplitudes A n defined in chiral dual superspace (x, 9), we 
set all 9 = 0. Further, before taking the light-cone limit, we divide the correlator by its 
bottom component (T(l) . . •T(n))^ r o e , obtained by setting 9 = 9 = and computed at 
tree level. This removes the pole singularities due to propagator factors. Then we claim 
that the light-cone limit of the ratio of correlators is equivalent to the square of the planar 
super-amplitudes A n divided by the tree-level MHV amplitude^] 



At the moment this is slightly schematic and much of this equation needs to be defined 
more carefully in order for the reader to be able to properly interpret it (e.g. on what 

2 To obtain a well-defined ratio the delta functions imposing the super-momentum conservation are 
removed from the amplitudes. 




(1.1) 
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(super)space are the two sides defined and how are they related etc.) and we will do this 
carefully in the next section. Note now however one intriguing feature. The left-hand 
side is not equal to the correlation function directly but the correlation function with a 
coupling dependent rescaling of the odd coordinates 9 — > a^ l / 4 9, with a = g 2 N c /n 2 being 
the 't Hooft coupling. A similar rescaling of odd coordinates was performed in [T4] to 
compare the supersymmetric Wilson loop with the superamplitude. 

The other thing to note now is that the quantities on both sides of the duality (11 .ip 
diverge at loop level and need regularising. However, on the correlation function side loop 
corrections can be computed by considering integrals of tree-level correlators with multiple 
insertions of the M = 4 SYM Lagrangians (itself a member of the stress-tensor multiplet). 
This enables us to define the left-hand side of the duality at the level of the integrand 
via a tree-level rational correlation function. It can then be compared with the rational 
integrand for the entire super-amplitude, and we find complete agreement for every test 
performed so far. 

Together these results lead to the conjecture that the integrands of any N fc MHV am- 
plitude at any loop order in planar A/" = 4 SYM can be described by the correlators of 
stress-tensor multiplets. 

The paper is organised as follows. In Section [2] we give a summary of the formulation 
of the new duality (for more detail see [17]). In Section [3] we exploit the off-shell one- 
and two-loop 4-point correlator results of [18J (lifted to Af = 4 as in [TQlEO] ) to obtain 
the five-point tree NMHV, the five-point one-loop NMHV and the six-point tree NNMHV 
amplitudes from our conjecture (11.11) . In Section @] we construct the six-point one-loop 
NMHV integrand from (11.11) . which is much more involved than the five-point case because 
there is a large parity-odd sector. Using the same techniques as in [16] we verify exact 
agreement with the result of [HJEI] based on BCFW recursion relations. 

2 The duality 

The correlation functions in the new duality naturally depend on chiral and anti-chiral 
Grassmann odd variables, while the amplitudes are usually formulated on chiral super- 
spaces We argue in [T7] and here that the amplitudes are found in the purely 
left-handed sector of the correlators. In the present paper we focus on explicit calcula- 
tions; the interested reader can find a more complete exposition of the various superspaces 
and superfields in [T7] . 

The field content of the M = 4 super Yang-Mills theory comprises six real scalars, 
four complex Majorana-Weyl fermions and the gauge potential A^. The associated field 
strength, the scalars and the fermions all transform in the adjoint representation of the 
gauge group, which we assume to be SU(N C ). A particularly useful way of presenting 
the multiplet on shell is via A^ = 4 analytic superspace [21] . In this formalism the entire 
multiplet can be sandwiched into a single scalar superfield, charged under a U(l) subgroup 
oiSU(A) 

W M=4 (z), z = {x &a , p aa , pf, y a , a } , a €{1,2}, a'e{3,4}. (2.1) 
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Here p and p are odd variables □ and y is an additional bosonic coordinate related to 
the internal SU(4) symmetry group. The p variables are harmonic projections of the full 
Minkwoski superspace variables 9. For instance pf a := 9f a + 9f a yi a ,a (more information 
can be found in appendix |E|) Q 

J\f=4 analytic superspace is the most convenient formalism for packaging together cor- 
relation functions in J\f—4 SYM since it manifests the full superconformal symmetry of the 
problem enabling one to completely solve the superconformal Ward identities and write 
any correlation function in a fully superconformal way [25]. On the other hand, M = 4 
SYM does not have an off-shell superspace description and so in order to perform actual 
perturbative calculations one needs to use Af=2 harmonic superspace |26j and then lift the 
results to jV=4 analytic superspace. 

The stress-tensor multiplet contains, among others, the following components in its p, p 
expansion: 

T(x,p,p,y) = ti{W 2 N= ,) = 0+...-Ap i C+...-Ap i U... + {p^p){p^p)T, u + ... , (2.2) 
where 

p 4 = ^ (p 2 ) q/3 (p 2 U , (p 2 T" = p aa d (2.3) 

and so p 4 = — (6* + ) 4 /12 in the notation of [IT]. Here the lowest component O = tr(</> 2 ) = 
T(x, 0, 0, y) is a scalar bilinear operator in the 20' of 577(4). The top spin component 
is the stress tensor of the theory, which gives the multiplet its name. Another component 
of T, of crucial importance in what follows, is the chiral on-shell M = 4 SYM Lagrangian 
C appearing at p 4 (as well as its PCT conjugate £ at p 4 ). For ease in later formulae, we 
absorb the nilpotent factor into the definition of C: 

p A C -> £ . (2.4) 

Due to a residual Z± i?-symmetry of the theory (the centre of SU(4)), the expansion of 
n-point functions of the stress-tensor multiplet T in terms of the Grassmann variables is 
organised in powers p m p n with m — n = 4k divisible by four [27J. 

In the present article we will not be interested in the right-handed spinors p which we 
put to zero. The right-handed Poincare supersymmetry Q and the left-handed conformal 
supersymmetry S of the model are explicitly broken by this choic^f]. 

3 The variables p, p each have just 4 components. This is half the number one would expect for 7V=4 su- 
persymmetry. This is thus similar to chiral superspace in which (the anti-chiral) half of the odd coordinates 
are dropped. 

4 In j!7j we used the alternative, harmonic superspace notation. There the variables y are part of an 
SU(4) harmonic matrix u\ a 1 u'^ L a , and p a a is equivalent to #+ a = 9^u\ a . 

5 However, since for the dual amplitudes in formula (jl.ip . the full dual superconformal symmetry [2 3) 
is present at tree level |28j . then for the correlation functions also in the Born approximation and in the 
light-like n-gon limit these symmetries should be "magically" restored. 
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Then the entire correlator at p = is expanded in terms of polynomials in p, homoge- 
neous of degree 4 k: 

n— 4 

(T(1)...7»)U =0 = ^G n;fc (l,...,n;a) . (2.5) 

k=0 

In what follows we will not display the restriction pi = explicitly, but it will always be 
assumed. We can use the left-handed Poincare supersymmetry Q and the right-handed 
conformal supersymmetry S to simultaneously put pi = at any four points. This explains 
the range < k < n — 4. For example, at five points we could put p\ = . . . = p 4 = 
leaving only p 5 , so that the only possible terms in the expansion have (ps) and (ps) 4 times 
some functions of the bosonic coordinates x aa and y^,. The dependence on the full set of 
Pi can eventually be reconstructed by the inverse supersymmetry transformation. 

We also have an expansion in the 't Hooft coupling a = g 2 N c /ir 2 and so we write the 
full n-point correlator as the double expansion 

n— 4 oo 

{Til) . . . T(n)> = E al+k O 1 ' • • • > ") > ( 2 - 6 ) 

fc=0 1=0 

so that we denote by G® k the n-point correlator at Grassmann level 0(p 4k ) and at I loops. 

The lowest contribution to G n -k - so G^) k , which we shall call the Born level - comes 
at 0(a k ) from (k + l)-loop graphs w.r.t. ordinary momentum space loop counting. The 
(/) counter labels the order beyond Born approximation. In the correlation functions G® k 
thus carries a^ l+k \ quite different from the corresponding amplitude as we discuss shortly. 

However, it is natural to gather together all the (I) contributions to the correlator (even 
though they occur at different powers of the coupling). So for example we will define 

n— 4 

Gg)(l,...,n):= £G® (l,...,n) (2.7) 

k=0 

to be simply the sum of all the (I) contributions to the n-point correlator. 

Now we compare the expansion of the correlator with the total colour ordered n-point 
planar scattering amplitude A n (i.e. the sum of the MHV, NMHV, ... parts). This has an 
expansion very similar to the correlator (12.51) : 

. n— 4 

A tree = E^' fc ' ( 2 - 8 ) 

Ax MHV k=0 

where the ratio is understood in the sense of removing the momentum and supercharge 
conservation delta functions. The amplitude is a function of three equivalent sets of vari- 
ables. These can either be A", A" and rjf (with A = 1,2,3,4) of the chiral on-shell 
superspace [22], or xf a , 9f a of the chiral dual superspace [23], or \f,pia, xt °f momentum 
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supertwistor space |29j. The bosonic variables x are "T-dual" to the outgoing on-shell 
particle momenta [T||30]: 



(Pi)S = A?*** = (xi-Xi+iTa = (*i*+.i)S • (2-9) 

For the purpose of comparing with super-correlators, it is most convenient to use the 
momentum supertwistor odd variable \ A = ^ a 9 A - ^ i s a Lorentz scalar but it carries a four- 
component internal index A = (a, a'). Hence it has the same number of odd components 
as p2- 

The loop expansion is more straightforward than for the correlator, we have the double 
expansion 

. oo n— 4 oo 



A 



tree 

nMHV l=Q k=Q l=0 




Unlike the analogous correlator expansion ( 12 .61) all I loop contributions come with a 1 . 

Our conjecture is roughly that "the square of the amplitude is equal to the correlation 
function in the light-like limit" . More concretely then we write 



(2.11) 



in the planar limit, which is just a rewriting of equation (II. ip in the introduction without 
the coupling dependent rescaling of theta. 

Note that although the right-hand side is simply the full superamplitude, the left-hand 
side is not the correlator simply due to the fact that the powers of the coupling are not 
correct (see the discussion below (12. 6p ) and this is why we write the explicit expansion on 
both sides. A similar issue arises [H] when comparing the super Wilson loop to amplitudes. 

There are a few more ingredients we need in order to properly interpret this equation. 
Firstly, on the left-hand side the correlator is defined in analytic superspace, with variables 
x, y and p, whereas on the right-hand side the variables are x, \. In order to make sense of 
the equation we need to identify these variables. We will find that the Grassmann variables 
are identified as follows (a fact which follows straightforwardly from the known expressions 
of both variables in terms of the standard Minkowski superspace variable 9 and is derived 
in appendix [E]) 

Xi = (i\(Pi- Pu+iVu+iVi) > Xi = (»|Pit+i2/r»+i» ( z l = X ? ■ ( 2 - 12 ) 

The labels in the last equation exclusively indicate the point in superspace to which the 
variables belong. We surpress the Lorentz and internal indices. They link up naturally 
if we keep their positions always as given in (12. ip together with (y _1 ) a a • So for example 
Pa+iy^+iUi stands for p"^ 1 (|/^ 1 ) a a Ui a ' b etc. Further, we have split the SU{4) index A 
into its SU(2) x 577(2) subgroup pieces, so \ A — (x a ?X a ) which are in turn denoted by 

ix,x')- 
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The second thing we need to know is how to regularise, since as it stands, both sides 
of the duality relation (12. lip diverge. For generic Xj, all n-point functions of T are finite 
and (super) conformal order by order in perturbation theory. The limit xj i+1 — > 0,i 6 
{1, . . . , n} (with the cyclic identification x n+ \ = xi) puts the n operators at the vertices of 
an n-gon with light-like edges. In this limit, the correlators develop two kinds of singular- 
ities. There are power singularities as for the tree-level correlator 

r (o) h Ni _ ~ 1 V12 Viz vli (9 -,o\ 

\m\ ) x 12 x 23 x nl 

In this formula we have displayed only the most singular term of the connected tree, which 
turns out to be the highest power singularity also in the loop corrections to G n . Hence the 
ratio on the left-hand side of (12. lip is free of power singularities. 

But the conformal loop integrals found in the perturbative corrections to G n develop 
logarithmic divergences when their external points become null separated. These "pseudo- 
conformal" integrals require regularisation. 

This issue has already been encountered for the MHV duality |8j. At the MHV one- 
and two-loop level (so pi = pi = Xi = and up to 0(a 2 )) our conjecture (12.1 ip yields 

lim —^(xi,...,x n ) = 1 + 2aA^l(x u . . . ,x n ) (2.14) 



+ 2 a 2 (a^ (x u ...,x n ) + ^(A { n % u . . . , i„)) 2 j + 0(a 3 ) 

where we have simply input the amplitude expansion (12.101) into the right-hand side of the 
conjecture (12. lip and expanded the square. We recall that A^-o stands here for /—loop 
correction to the ratio of n— particle MHV amplitude to its tree-level expression. 

This was demonstrated in [8] for all n-point one-loop MHV amplitudes and the four- 
and five-point MHV two-loop amplitudes in a non-standard regularisation scheme: the 
integrand of the loop level correlator was evaluated in four dimensions and to regularise 
only the measure of the integration over the insertion points was modified to D = 4 — 2 e 
dimensions (with e < 0). This non-standard x-space regularisation precisely mimics the 
usual p-space infrared prescription for the amplitudes. 

But more is true: at the level of the integrands we can stay in exactly four dimensions 
because we need not worry about singularities. Exact equivalence holds for the integrands 
themselves, which was verified for the MHV five- and six-point one- and two-loop ampli- 
tudes and conjectured for all other cases in [IB] . 

So how can we unambiguously define an integrand for a loop level correlator? A cru- 
cial point that enables us to do so (and hence to compare with amplitude integrands) is 
that loop corrections to such n-point correlators can be computed by means of multiple 
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Lagrangian insertions^ [8j[T6j[T8l[3T] so that we have: 

(r(i)...r(n))« = \f d/i 0l ...^(r(o 1 )...r(o z )r(i)...r(n))(°), (2.15) 

where the bracketed superscript (7) indicates that this is the / loop contribution and where 
dp := d A xd A p. The second equality follows from (12. 2p and f)2.4p . the Grassmann integral 
just picks the p A component of the superfield T . On the right-hand side the integrand 
is itself a correlator and furthermore a Born level correlator. Therefore this Born level 
correlator provides an unambiguous definition of the integrand which we can compare with 
the integrands coming, for example from the amplitude integrand results of [9|[2Tj . 

Further rewriting this in terms of the p Ak expansion terms in (12. 6p we thus have that 

G %0-> ■■■,">) = \ J ^o 1 ---^o i G{° ) +0;(fc+0 (Oi,...,0 / ;l,...,n) , (2.16) 

where the semicolon after 0/ distinguishes the loop integration variables from the outer 
points. On the right-hand side we have the same type of object G n -k as on the left-hand 
side, but at tree level and at a higher Grassmann level. However, in the light-cone limit 
the points Xi (with i = l,...,n) form a light-like polygon while the points xo k (with 
k = 1, . . . , t) remain in arbitrary positions. 

So in summary all loop-level integrands of correlation functions can be written in terms 
of tree-level higher point correlation functions and hence via the duality the integrand of 
any amplitude at any loop order can be obtained from tree-level stress-tensor multiplet 
correlators. 

For example, at one and two loops, we have the MHV amplitude/correlator duality 

2 lim t 1 ' ' ' ' ' n ) = / rf4x odVo 2 lim "ff 1 (0; 1, . . . , n) = 2 ^(1, ■ ■ ■ , n) , 

(2.17) 

which we interpret as the integrand identity 

/d% fon -^(0;l,...,n) = 2^2. liO (0;l,...,n). (2.18) 
J x u + i->° G n . Q 

Here the integrand of the amplitudes (divided by the tree-level MHV amplitude) is denoted 
by A with the integration points included in the list of arguments before the semicolon, 

6 As mentioned, all the Af = 4 results in this paper are actually derived from calculations with J\f = 2 
superfields [26) . either in this work or in the literature that we quote. The insertion procedure that is 
actually used is differentiation with respect to the coupling constant in the TV" = 2 harmonic superspace 
formalism, whose essential details are briefly summarised in Appendix [B] These JV = 2 results are then 
uplifted to Af = 4 analytic superspace. 

In this paper we do the Wick rotation before deriving Feynman rules so that amongst other changes 
the factor i l disappears from the corresponding formula in |17j . 
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whereas the corresponding integral is denoted by A; so for example we have 



n;0l- C l) • • • J X n 



1 



d Xq A. n _i_^.o(xo] X\, . . . , x n ) . 



(2.19) 



Similarly at two loops we have the integrand identity 





(0,0';1,..., 



n) 



■ ■ ■ i x n) J ^n+l;o( a '0'! ^1) • • • j 



(2.20) 



) 



In (12.181) we have used the Lagrangian component of an additional T(0) operator at 
point to obtain the one- loop correction to the n-point 0(p°) correlator. The outer 
points were put onto a light-like n-gon while the insertion point is integrated out. On the 
other hand, before integration and without any light-like limit this is, of course, just a 
specific Grassmann component of an (n + l)-point function of T's. Then according to the 
duality (12. lip , we can take this same component of the correlator in an (n+ l)-gon limit to 
obtain the (n + l)-point NMHV tree-level amplitude [17]. Once again, this correspondence 
holds at the level of the integrands. In the same way, the 0(p 8 ) part of an (n + 2)-point 
function of T's can yield 

• the two-loop n-point MHV amplitude, if two points are treated as insertions and 
integrated out while the others are put onto an n-gon with light-like edges. This is 
the situation in equation (12.201) . 

• the one-loop (n + l)-point NMHV amplitude, if one point is treated as an insertion 
and integrated out, while the others are put onto an (n + l)-gon. 

• the tree-level (n + 2)-point NNMHV amplitude in an (n + 2)-gon limit without any 
integrations. 

The possibility of obtaining various amplitudes from the same generating object is remi- 
niscent of the supersymmetric Wilson loop of [14]. 

In the rest of the paper we provide a number of explicit examples of the duality (12.111) . 
at tree and at loop level. 



3 Five-point one-loop NMHV and six-point tree 



In this section we explore the one- and two-loop corrections to the simplest correlator of 
the lowest-dimension components O = tr(0 2 ) of the stress-tensor multiplets (see (I2.2p ). the 
purely bosonic correlator G^-q = (O(l) ... (9(4)). We show that the loop corrections to this 



NNMHV 
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four-point correlator, interpreted as Lagrangian insertions 



(see (I2.16P ). can give rise 



to several superamplitudes. So the integrand of the one-loop four point correlator G 



1:0 



/ d/i 5 G 5 .[ and the integrand of the two-loop four-point correlator G 4 . — | J dfj,$ d^Q G 6 . 
yield the following amplitudes (see Fig. [[]): 



>;2 



MO) 

^6,2 ^ 



MHV 



(i) 



NMHV 



(o) 



MHV 



(2) 



NMHV 



(i) 



NNMHV, 



(o) 



Section 13.31 



Section 13.41 
Section 13.51 



(3.1; 



Which amplitude is realised depends on how many T operators are placed on an n-gon 
with light-like edges, with the others treated as Lagrangian insertions and integrated out. 



G 



(0) 
5:1 





MHV 



(i) 



NMHV 



(0) 




O o CO CO 

MHV (2) NMHVg 1 ' NNMHV< 0) 



Figure 1: The different light-cone limits taken for the points of the correlators (OOOOC) 
and {OOOOCC). Operators at neighbouring vertices of a polygon are light-like separated, 
whereas those inside the polygon are located at arbitrary points. 



3.1 Loop corrections to the four-point correlator 

We now describe the loop corrections to the four-point correlators and the related in- 
tegrands (themselves higher-point tree-level correlators) and in later subsections we will 
relate them in various light-like limits to the respective amplitudes. 

Two- and three-point functions of stress-tensor multiplets T's do not receive quantum 
corrections [27] . The simplest non-trivial object to study is thus indeed G^-q. The form of 
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its loop corrections is heavily restricted by M = 4 superconformal symmetry. This "partial 
non-renormalisation" [20], which we review in appendix [A] allows a remarkably simple 
writing of these loop corrections, and of the related higher point Born level correlators. 
Here we simply display the result of the computations originally done in [T8 l H~9l I32H34"] . 

The one-loop four-point correlator is given as the integral of a certain five-point cor- 
relator whereas the two-loop four-point correlator is the integral of a one-loop five-point 
correlator, or alternatively of a Born level six-point correlator as follows: 

Gg(l,2,3,4) = J ^5^5^(1,2,3,4,5) (3.2) 
Gg(l,2,3,4) = f d 4 x 5 d 4 p 5 G<g(l,2,3,4,5) 

= ~J d 4 x 5 d 4 p 5 J d 4 x 6 ^ 6 G|g(l,2,3,4,5,6) . (3.3) 
The integrands themselves are given by the simple formulae (see appendix 

Gg(l,2,3,4,5)| (p5)4 = 2 -^h^ >< I >< (P5) 4 2 1 3 1 4 2 (3.4) 



Gg(l,2,3,4,5,6)| (p5)4(p6)4 = 4( ( ^; 2)6 1} x I x (p 5 ) 4 (p 6 ) 4 

1 2 2 2 

2 2 96 X a(l)a(2) X a(3)*^) X a(5)a(6) , s 

X X10X94 999999999 lO.O) 

x 15 x 25 x 35 x 45" , '56 x 16" , '26 x 36 x 46 

where / is the rational prefactor (this universal prefactor is a consequence of superconformal 
symmetry described further in appendix |A]) 

j _ 2/122/232/342/41 /-■ _ _ . \ 1 2/122/132/242/34 / . -1 \ 

2222 V /"'"2222 V / 

/y**^ /y**^ nr*** /y**^ <t>*-' ly**^ <7^ i ' ly**^ 

x 12 x 23 x 34 x 41 x 12 x 13 x 24 x 34 
2222 44 44 44 

I 2/132/I42/232/24 / „ ^ -|^| 2/122/34 „ 1 2/132/24 1 2/142/23 4 /q fi\ 

2 2 2 2 v i J"'"4 4 i '"r4 4"r4 4' ; l^-OJ 

x 13 x 14 x 23 x 24 x 12 x 34 x 13 x 24 x 14 x 23 



where we have introduced the conformal cross-ratios 

22 22 

_ x 12 x 34 . _ x 14 x 23 

22' 22 
x 13 x 24 x 13 x 24 



(3.7) 



Note that the x-space factor in the expression for Gf\ is simply the one-loop box 
integrand, whereas the x terms in G^l arise from the two-loop ladder and one-loop box 
squared terms in ( 1A.8j) . The sum in (I3.5P is over all permutations a of points 1 to 
6. There is a 48- fold redundancy in writing it like this since there are only 15 different 
terms in the sum, so we divide by 48 in order to account for this; the remaining factor 1/2 
adjusts the normalisation to meet the result flA.8[) . 



Amplitude integrands can be obtained by taking different light-like limits of these cor- 
relation functions as we now investigate. 



11 



3.2 The G 4;0 <-> MHV 4 duality 

In this subsection we merely reproduce one of the results of [8J as an illustration of the 
general procedure. The one- and two- loop corrections to G4 are given in ( \3.2\\ . ( \3.3\\ . To 
compare with four-point MHV amplitudes we need to put the four points of this correlator 
on the light-like = 0, which amongst other things, creates 

pole singularities in the prefactor / (13. 6p . According to the duality (12. lip we need to divide 
the correlator by the connected tree-level correlator in order to remove these poles, i.e. by 

"SI = u^fff^ + heading . (3.8) 

Remarkably, this is equal to the leading singularity in the prefactor I(x\, ... ,1/4) (up to 
the factor (iV c 2 - 1)/(4tt 2 ) 4 ) in the light-like limit, so that we obtain from A3.2ti3.5p 

lim ^ = 1+ lim U^- + ) + 0(a*) (3.9) 



lim 



1 + 2a / rf 4 x 3:13X24 (3.10) 
167T ./ x 15 x 25 x 35 a; 45 



2a 2 /" , 4 , 4 (00 96 2<T ^vfiwr*"'''"' '' : 



'•2 /-v»2 
^(3) g (4) X g ( 

/ 1 / ^ \ ^y«2 ™ 2 ,-^,2 ™ 2 ,y»2 ^,2 ^,2 ,-^,2 ^,2 

l iu/l J J \ • i 15 x 25- z '35 x 45 x 56 x 16 x 26 x 36 x 46 



, ZCL / U t 4 „ 3 _2 96 ^(»(2)^(3) g (4)^(5),7(6) 

' 2\2 / 5 6 I 13 X 24 999999999 



Here in the light-like limit at one loop we immediately recognise the massless one-loop box 
function, whereas at two loops, in the sum over permutations, many terms are subleading 
in the light-like limit, and we are left with the massless one-loop box squared together with 
the massless two-loop ladder diagram. The integrands occurring here exactly match the 
integrands of the one- and two-loop MHV4 amplitudes [35j[36] on taking the square. 

3.3 The G^l O NMHVf duality 

The simplest non-trivial example of the duality for tree-level amplitudes concerns the five- 
point NMHV case. Note that this is the anti-MHV amplitude which is related to the 
MHV amplitude by parity. In the correlator picture parity symmetry (in the sense of the 
scattered particles, not in the sense of the fields) is far from obvious and thus even this 
case is quite a non-trivial check of the duality. 

According to the duality conjecture, to reproduce the NMHV 5-point tree-level corre- 
lator, we need to take the correlator Gg ] and put all five points on the light-cone. 

This should be compared with the previous subsection. There we were taking the same 
correlator but thinking of it as the integrand of the four-point one-loop correlator. The 
integration point £5 was thus in an arbitrary position and we reproduced the four-point 
one- loop MHV amplitude (essentially the massless box function). 
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Now, £5 has become the fifth point of a light-like pentagon, together with the external 
points Xi, . . . , £ 4 . In other words, in the new light-cone limit x\ h = x\ x = 0, while x\ x 7^ 0. 
As before, the light-cone poles are compensated by dividing out the tree-level correlator 

G^- ^f^ffji + sheading. (3.11) 



One can easily check from its expression (13 .4p that 



hm 



x 13 x 24 i/41 4 



/ > ■ 2 ,->-» 2 ™ 2 /i/2 
4 x 14 x 25 x 35 4/45^51 



Ps- (3-12) 



Let us now compare this to the five-point tree-level amplitude 



_4 0) 

^trcc 



5 _ 1 , 7(0) 



1+^(1,..., 5) = 1 + iW- (3.13) 



5;MHV 



The R invariant [23] on the right-hand side of (I3.13P corresponds to the NMHV tree-level. 
A general expression for any R invariant in terms of momentum supertwistors was given 
in [13]. The case -Ri2345|p4 is evaluated in Appendix [F] using the relation (12.121) between 
the x an d p variables. Here we merely state the result (IF. 81) : 

22 2 

D I x 13 x 24 i/41 4 

-K12345 \ P i — — 2 — 2 — T^l — T P5 ■ 

x 14 x 25 x 35 y 4 5y 51 



Finally, we compare with (I3.12p finding 

hm — 



^ (0) 



^tree 
4 ^SjMHV 

PI 



(3-14) 



in perfect agreement with the conjectured duality relation (12. lip . The combined Q, S 
supersymmetries are powerful enough to restore the full dependence on the left-handed 
Grassmann coordinates p l5 . . . , p 4 . 

3.4 The G^l o NMHVf duality 

As shown in equation (I3.3P the integrand of the one-loop five-point correlator in the 

gauge pi = p 2 = P3 = Pi = is given by the 6-point tree-level correlator G^\. 

Next, we take the pentagon light-cone limit x\ 2 = x\ 3 = x\^ = x 45 = x\ x = of this 
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correlator G^li given in (13 .5ft and divide out the free correlator (13. lip . The result is 



i- 

lim — j-r 



q(0) 

lim / cfa; 6 cfp 6 — ^ 



^5:0 



4 4- 

4 X 13 X 24 041 4 

u ^6 o 2 2 2 2 ft 
x 14 x 25 x 35 y45i/51 



4 I 

^ "^-5;1 *^-5;0leven 



■0(6; 1,2, 3, 4) + (cyclic) 



(3.15) 



where "+ (cyclic)" means we add 4 terms obtained by cycling the points 1, . . . , 5 and 



0(6; 1,2, 3, 4) 



X 13 X 24 



A TT-2 /-Y>2 ,-y»2 ,-y»2 ™ 2 

<±7i X 16 X 2 6 X 3 g X 4 g 



(3.16) 



is the one-loop box integrand with integration point x§. The third line in (I3.15P follows 
because the sum of box integrands g(6;i,j,k,l) in the second line is the same as the 
integrand of the even part of the five-point one-loop MHV amplitude [37] and hence also 
the same as the even part of the integrand A&q of the one-loop NMHV5 = MHV5 amplitude. 
Note that although this formula is displayed as an integral identity, we really mean the 
identity of the corresponding integrands. 

Does this agree with our duality conjecture (12, lip ? Expanding out the duality relation, 
we predict 



lim 



c M+l^ u Cr 50 



5) 



5) A 



g(l,...,5) + 1«(1,...,5) 



(3.17) 



On the other hand, since at five points the NMHV amplitude is in fact an MHV amplitude, 
it is equal to the tree level NMHV amplitude multiplied by the complex conjugate of the 
MHV one-loop ratio. Under complex conjugations the even part is invariant, but the parity 



odd part gets a minus sign. We have therefore that j££} = A£{ ( A, 



"(°) ( aO-) 1 



l 5 ; 0|cven 



A 



(1)1 

5:0 1 odd 



Then 



in the sum of terms in (13.171) the parity odd terms cancel and the prediction is in precise 
agreement with what we find in (I3.15p . For completeness, we display the conjecture [9ll2T] 
for the integrand in terms of momentum twistors at the end of Section 14.61 It does 
indeed satisfy this conjugacy property. 



3.5 The <-» NNMHV^ duality 

This is a particular case of the duality between MHV amplitudes and the maximally 
nilpotent part of correlators. Due to the simple fact that we are taking the square of the 
amplitude there are (NMHV tree) x (NMHV tree) terms in addition to the NNMHV tree 
part. In this respect the example is similar to the last one, but it is interesting in its own 
right since the two contributions are distinct. 
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The maximally nilpotent part of the superamplitude/supercorrelator duality conjecture 
(12.1 ip yields the prediction: 



G n ~ A ^ ~ 

Km ";"~ 4 = V] An-k An-n-4-k . (3.18) 



k=0 

In particular, at Born level and six points we expect to find 

G (o) 



^2 _ ^(0) ( ^(0)^2 



hm -g=2^ + (^) 



~~ ^^6^MHV + (-^6;NMHv) 2 • (3.19) 

In order to check this we will first take the hexagon light-like limit of the correlator (13. 5p 
and then evaluate the MHV and the additional (NMHV) 2 part of the amplitude. 

3.5.1 The hexagon limit of the correlator G^l 

The fully off-shell correlator Gg ^ is given in (13. 5p . We have already seen how taking a 
four-point light-like limit of this leads to the two-loop four-point MHV integrand, and 
how taking the pentagon light-like limit leads to the five-point one-loop NMHV integrand. 
Now we wish to take the hexagon light-like limit in order to obtain the 6-point tree-level 
NNMHV amplitude. 

The hexagon limit creates new light-cone pole singularities, at x\ b = xf 6 = x\ x = 0. To 
cancel these we divide by the free correlator 

Gg = f^^lff^f'i + Pleading . (3.20) 
Only four terms (of the 15 in (13. 5p ) remain in the hexagon limit. The result is 



hm — jt- 

6:0 



Ga. 



4 4 



yl* «4 4 

2 2 2 "5 "6 
2/452/562/61 



/-v»2 ™2 - ™ 2 , y» 2 ™ 2 , y . 2 v 

x 13 x 24 / x 14 1 j03 1 ^14 1 x 24 \ /o 01 \ 

2 \222 2 2222 2222 22 2 2/' ^O.ZIJ 

x 14 V " L 15 X 35 X 26 X 46 x 15 x 35 x 26 x 36 • z, 15 x 25 x 36 x 46 • i 25 x 35 J '26 x 46 7 

Next, we must compute both terms in the right-hand side of (13.191) in analytic superspace 
and compare the result to (13.211) . 



3.5.2 Evaluating A tr ' 



tree 



n;MHV 



Our first task is to find A anc ^ translate it into analytic superspace. The invariant 



A .Ssv is simply the MHV superamplitude divided by the MHV superamplitude. In order 



n;MHV 
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to find this we will employ the Nair 77 variables [22J rather than the x variables used in the 
rest of the text. These are related to the analytic p variables in Appendix [El We take a 
digression and present a derivation valid for the n-point case although the explicit check 
against the correlator will finally only be done for n — 6. 
The MHV superamplitude can be written as 

This form can be found by considering the standard form of the anti-MHV superamplitude 
in terms of Fourier transformed Nair coordinates fj and performing the explicit Fourier 
transform back to 77's. We adopt the usual notation 

(ij) = XfXja , [ij] = AfAj-i, x?? +1 = XfX? (3.23) 

for products of the twistor variables parametrising the light-like distances x ii+ i. In the 
two-component contractions we do not introduce a weight factor of 1/2, but we choose the 
normalisation (see Eq. (1F.3I) below) 

V 4 = 1^abcdV A V B V C V D = \v 2 v' 2 (3.24) 

with rf = e a bV a V b an d similar for t]' 2 . 

We wish to consider (I3.22p in the gauge (on analytic superspace) p\ = p 2 = P3 = Pa = 0. 
Using (1E.5P this translates into 

V' 2 = V2 = Vi + V[yi = V3 + V3 2/4 = . (3.25) 



In this gauge we find that the MHV superamplitude becomes simply 

«- MHV 4 [12] [23] . . . [nl] (12) (23) . . . (nl) n;MHV ' 1 ' 

and we have used the definition of ^4 tr ^— in this gauge as the aforementioned ratio. In the 

n;MHV ° ° 

above we have split the four-component r] A into two two-component 77 and 7/, as previously. 
We can use the delta function to eliminate two more ri A from A tr 1 e „ T „ r . We choose to 

' n;MHV 

eliminate r] n -i and r) n , after which writing 5® Xi r]i) = 77^ (n — 1 n) 4 + . . . yields a 
unique expression for A, 



tree 



n;MHV 



_ _ (12)(23)...(nl) [12] 2 [23] 2 4 

n;MHV " [U] [33] . [nl] X {n _ 1 „ >4 X ^ X M ^4 • ■ ■ ^-2 (^.27) 



Now that we have ^ r . ^ HV i n terms of 77, 77', we just need to re-express it in terms of 
the analytic p variables putting in the expression (1E.5j) for i](p),r]'(p). We can start with 
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rj' 3 and work upwards as follows: 

% - (3-28) 

TU + rtis = (3.29) 

rf* = { ^0- + O( P5 ) (3.30) 

ife + i/filto = + 0(p 5 ) (3.31) 

% = ^^ + 0(P5,p 6 ) ( 3 - 32 ) 

(3.33) 

where the 0(p 5 , p 6 ) terms indicate terms proportional to p 5 or p 6 . Such terms in ^ tr ^jjy can 
be ignored: For example, all possible occurrences of p 5 are saturated by (r)' 3 ) 2 (r]4 + t?^) 2 - 
In the end then we can safely substitute the following: 

= { ^ j+1 ft J=A...n-2 (3.34) 
Vi + rfjyj+i = - {J ~ 1 ^ 1 j=4...n-2 (3.35) 

/ ( n ~ MPnVn-ln (oor\ 

= (n _ 2 „-l) (3 ' 36) 
n[ = ( ^f- (3.37) 



which, using that 



= a rfrf = \ tfiVj + v'jVj+i) 2 (3-38) 



and 81 



gives us 



Pj+i 



.n-2 (3.39) 



W^-t.^^L. (3.40) 



Inserting this into (13. 2 7ft finally yields the n-point MHV invariant in analytic superspace 

4 4 2 2 2 2 

Jtoce X 13 X 24 Z/l2^23^34^14 4 4 /o 41 \ 

^MHV ~ T 2 -2 ™2 X ,.2 ,.2 ,,2 X ^5 • • • ' 

x 13 x 24 • • • x n2 yi2i/23 • • • win 

where we have simply relied on + 1] = £ 2 i+2 . 



3 Oncc again this equation is valid only in the chain of substitutions. 
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3.5.3 Evaluating (A, 



6:NMR"W 



We now wish to compute the other contributions according to the duality conjecture at this 
level (I3.18p . For simplicity we concentrate on the six point case, and we wish to find the 
contribution of (-4g r | e MHV ) 2 to the correlation function according to the duality conjecture 
(I3.19p . At six points we have 



^6^NMHV ~~ -^61234 + -^61245 + -^62345 — R5 + R3 + Rl j (3.42) 

where in the third expression we are defining (for six points only) Ri to be the invariant 
Rjkimn which does not contain the index i. Therefore 

(■^fi-NMHv) 2 = (-^5 + -R3 + R\) 2 = 2i?i_R 3 + 2RiR 5 + 2R 3 R 5 . (3.43) 

In this section - like in the rest of the article - we employ momentum supertwistor variables. 
One of these is the Xi parameter that we have frequently mentioned. The second variable 
is a projective four-vector Zi = (Aj,/ij) with 

fiia = \i(Xi) a6l , (3.44) 

or conversely 

{%i)aa = T. Z TT [6. 4:0) 

(l - 

An n-point amplitude can be parametrised by a set {Zi, . . . , Z n } with the association [TU] 

Xi ^{Z h Z i+1 ). (3.46) 

The on-shell constraints xj i+1 = are solved by construction, which can be seen for 
example from the defining relation for the four-bracket of twistors: 

(ijkl) = Det (ZiZjZkZt) = e ABCD ZtzfzCz? (3.47) 

If the twistors pertain to two points Xi,Xj this becomes 

(i-lij-lj) = {i-li)(j-lj)xl (3.48) 

so that xf i+1 = due to the doubling of Zi in the determinant on the left hand side. 

Each Ri has the form Ri = q(Ej) 4 where E is defined in (1E2I) in Appendix [F] and c is 
the bosonic factor of (E) 4 from (IF. II) . Hence, we find that the nilpotent pieces we need to 
compute arise from terms like (E!) 4 (E 3 ) 4 , (S!) 4 (S 5 ) 4 and (£ 3 ) 4 (E 5 ) 4 . As before, we want 
to use the gauge 

Pi = P2 = p 3 = Pa = . (3.49) 
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The identification between the x an d the p parameters is 

Xi + XiVi = (i\fH, Xi + XiVi+i = (i\Pi+i , (3-50) 
or inversely (cf. ( 12. 1211 ) 

Xi = (i\(j>i - Pu+x Vu+i Vi) > X[ = (i\Pa+i Vu+i ■ 
In terms of supertwistor variables the gauge ( I3.49p reads 

xf = X2=xi = X4 + X4V4 = X6 + x' 6 2/i = 0. (3.51) 

This gives us (all T>f in the next formula carry a four- component index) 

Si = X4 (5623) + X5 (6234) + X e (2345) 
S 3 = X a (5612) + X5 (6124) + Xe (1245) 
S 5 = X 4 (6123) + X 6 (1234) 

v ' • ^ ,0Ji! ^ Si =(x 4 (6123) (6245)+ Xe (2456) (4123)) (6234)" 1 (3.52) 



(6234) 

where in the last equation we define a linear combination, S 3 of S 3 and Si which is 
independent of x£ an d we have simplified the expression using the twistor identity 

(abij)(abkl) + (abik)(ablj) + (abil)(abjk) = . (3.53) 

In our gauge, due to the relations (13.5 ip xt an d xt have only two independent com- 
ponents each, say, x'a an d Xes> therefore (S 5 ) 4 saturates all the xt an d xt variables giving 
(cf. the derivation of (1F.7|) in Appendix [F]) 

(S 5 ) 4 = \ (6123) 2 (1234) 2 ( X 1) 2 ( X ;) 2 yl . (3.54) 
So one need only consider X5 terms when multiplied by S 5 . One then quickly finds 

(Si) 4 (S 5 ) 4 = \ (6123) 2 (1234) 2 (6234) 4 ( X 1) 2 (^) 2 X ^ 2 4 , 

(S3) 4 (S 5 ) 4 = ^(6123) 2 (1234) 2 (6124) 4 (xl) 2 ( X [ i ) 2 X 4 y 2 4 , 

(S X ) 4 (S 3 ) 4 = (S0 4 (S 3 ) 4 =\ (6123) 2 (1234) 2 (2456) 4 (xl) 2 (^) 2 X^ 1 2 4- (3.55) 

Then we input the bosonic factors c, from (IF. lh and also rewrite x m terms of p in our 
gauge, using (I3.50P to obtain 

-Mf^fxtvl, = (45) 2 (56) 2 x -^i 4 -^ x p\p\ . (3.56) 

^ !J 16^45^56 
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Further, we use ( I3.48|) to rewrite some of the twistor factors in terms of x space variables 
and we find 

d o x\A x (4562) 2 (6123)(1234) y\, 

1 3 AAAA (6124) (2346) (5623) (4512) y^y*, PsPe 

oo v (2346) 2 (4561)(5612) yg 4 4 4 

15 •''Tv'i.'i.'i, (4562) (6124) (3461) (2356) y 2 62/ 2 5 y 2 6 PsP6 

p o ^13^14 x (6124) 2 (2345)(3456) y? 4 4 4 

^ 5 x 2 5 x 2 5 x 2 6 a; 2 6 (2346) (4562) (1245) (6134) y? 6 <4yf 6 P ^ ' ^ J 

The sum of these three terms can be simplified by rewriting the momentum twistor 
conformal invariants in terms of six complex variables z\ by using the replacement [38J 

(ijkl) = ZijZ ik zuZjkZjiz k i (3.58) 

where z mn = z m — z n .u The advantage of these variables is that identities such as (13.53j) 
become manifest, in this case z wx z tv + z xv z tw + z vw z tx = 0. In this way we get 

2 2 2 2 

D d X 13 X 24 ., ^13^54^56 Vu v 4 4 

n,X-n,3 — — 2 2 2 2~ ~~ 2 — 2 — 2~~ r5r6 

x 35 a; 46 a; 15 X 26 ^35^512:14236 ^16^45^56 

2 2 2 2 

d d _ X 13 X 24 v ^51^32^34 ^14 4 4 

15 — 2 2" 2 2~ 2 2" 2~~ r5r6 

X 35 a; 46 a; 15 ;r 26 ^13 235252^14 2/162/45^56 

2 2 2 2 

D D _ X 13 X 24 ^35 ^16^12 2/i 4 4 4 /o crQ\ 

-^3-^5 — — 2 2 2 2~ X X ~2 2 2~ X ^5P6 ■ (d.Oyj 

X 35 a; 46 a; 15 a; 26 2 5 i Z13 2: 36 Z52 ^16^45^56 

Finally we are interested in the sum of these terms. It turns out that although each 
term individually is complicated (at least when expressed in x space) the sum of terms has 
a very simple form. We have that 

222 

251232Z34 _|_ z 35 z 16 z 12 Z13Z54Z5G _ 216^34 223^56 



2l32352522l4 Z51Z13Z36Z52 235^51^14^36 214Z25 214Z36 225Z36 

2 2 2 2 2 2 

= ^ff + ^ff + (3.60) 

^m^li x 36 x 25 x li Jj 25 

where the first line is an algebraic identity, and in the second line we have replaced the z 
(via the momentum twistors) back with the x's. Remarkably all parity-odd pieces (which 
appear in the R invariants themselves) completely cancel in this expression. 

Putting this result (I3.59p . (I3.60P first into f!3.43j) and then together with the expression 
(I3.4ip for ^g r |jjjy, w e obtain the right-hand side of the duality relation ( 13. 19ft : 

O Xtrce , / Ttree \ 2 — 9 ^ A 

Z>l 6-MHV + 1^6;NMHVJ ~ z 2 „ 2 , 2 ^5 P& 



V 45V 56V 61 

™,2 ™2 s ~, 2 r ,-vj 2 ^v«2 ,->-»2 

X 13 X 24 / x 14 1 

X 2 I o o o o ~r 



x 14 vx 15 x 35 x 26 x 46 



iy" T* /y^ 

x 13 1 X U , x 24 



?y«* J rf" <T* /y*-" /y" <-yj" /y" <-y> " /y" <-y> " rf" T* 

x 15 x 35 x 26 x 36 x 15 x 25 x 36 x 46 x 25 x 35 X 26 J '46 



(3.61) 



Remarkably this is in perfect agreement with the correlator prediction (I3.2ip . 



9 In fact it is practically much more straightforward to make the replacement (ijkl) — > tijkimnZmn which 
appears to give the same result for conformally invariant objects. 
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4 The six-point one-loop NMHV amplitude 



In the previous section we have illustrated how the off-shell calculation [18] of the tree- 
level correlator G$ = (0(1) 0(2) 0(3) 0(4) £(5) £(6))(°) at Pi = 0, % e {1, . . . , 4} can 
yield three different amplitude integrands: 

• MHV four-point two-loop amplitude 

in the square light-cone limit xf i+l — > 0, 1 < i < 4, under the double integral 
/ d 4 x^d 4 p^ d 4 XQd 4 p§. 

• NMHV five-point one-loop amplitude 

in the pentagon light-cone limit xf i+1 — > 0, 1 < i < 5 and under J d 4 x§d 4 p§. 

• NNMHV six-point tree amplitude 

in the hexagon light-cone limit xf i+1 — >■ 0, 1 < z < 6 without any integration. 

In [SHE], the methods of p] were applied to find Gf) 2 = (0(1) . . . 0(5) C(Q) £(7)) (0) | p 4 p4 

and G^\ p 4 p 4 = (0(1) • • • 0(6) C(7) £(8))| p 4 p 4 in order to demonstrate the duality between 
these correlation functions put on the light-cone and the MHV two-loop five- and six-point 
amplitudes. The integrands for the MHV amplitudes derived from the correlators turned 
out to be equal to those predicted from BCFW recursion rules in [9]. 

The cases studied in the last section already provide very non-trivial evidence for the 
duality beyond MHV. However, to hopefully remove any further doubt, we here give an 
example which shows that the duality applies simultaneously beyond both MHV/MHV 
sectors and beyond the tree-level sector and in particular can correctly relate the full 
integrands even including a highly non-trivial parity odd piece. To this end we want to 
obtain the NMHV six-point one-loop amplitude from a new hexagon light-cone limit of the 
correlator G^) 2 . The pentagon light-like limit of this correlator was already found in [5] to 
be dual to the MHV five-point two-loop amplitude integrand. 

Unlike the cases considered in previous sections, since there is an additional outer point, 
superconformal symmetry alone is not sufficiently powerful to reconstruct the full M = 4 
correlator /amplitude from a single pfp 4 component. We therefore show how to do this 
reconstruction starting from certain M = 2 projections with five hypermultiplet bilinears 
and one Lagrangian component. It is then enough to check for one Grassmann component 
that the integrand as computed from the correlator is equal to the momentum twistor 
expression in [21]. In the following subsection we start by building up some technology 
needed to master the large parity-odd sector of the calculation in a manifestly conformal 
way. 

Obviously, according to our duality we could also construct the NNMHV seven-point 
tree level amplitude from this correlator G^l, although we refrain from doing so because 
of the volume of that calculation. It is probably more striking to see the duality at work 
at NMHV one-loop level in a non-trivial case anyhow. 
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4.1 An x-space toolkit for 6-point one- loop amplitudes 

We wish eventually to construct the correlator G^} 2 and compare with the six point NMHV 
1-loop integrand. We therefore have a total of 7 points, the integration point (which we 
label 0) and the six outer points which will be light-like separated.) We first develop some 
techniques for writing down conformal invariants of this form in the hexagon light-like 
limit. 

The pseudo-conformal one-loop integrals that we will encounter at six-points in the rest 
of this section are the pentagons pi and boxes g^ defined as 

1 f d 4 x x\q 1 f c^Xq 

Pl = 4^2 / ™2 2 „2 „2 12 #(1,2,3,4) = -— / 2 2 „2 „2 ' O^- 1 ) 

t/i J »'<20 x 30 x 40 x 50' t '60 ^" •/ x 10 x 20 x 30 x 40 

g$ = <?(3,4,5,6), ^ 3 mh = 0(2,4,5,6), ^ 4 mc = #(2, 3, 5, 6) . 



The labels indicate the factors which are missing from the maximal denominator xf . . . Xg . 
Cyclic shifts yield six such integrals in the first three cases, while there are only three two- 
mass easy boxes. Thus we have a total of 21 integrals. 

The hexagon light-cone limit x 2 ii+1 — >0,ie{l,...,6} permits three finite cross ratios 

X 13 J '46 „ • L lb Jj 24 „ x 26 x 35 \ 
Ul = -5 2~, «2 = -o o", «3 = -5 2~. (4.2) 

x 14 x 36 x 14 x 25 x 25 x 36 

This definition puts those x?- into the denominator in which the points are at opposite 
corners of the hexagon. Cyclic shifts along the hexagon therefore permute these w's but 
do not invert them. 

On several occasions we find the following same fixed combinations of the 21 scalar 
integrals with polynomials of u±,u 2 , u 3 making an appearance. It is therefore convenient 
to introduce these combinations as a second basis for the 1 loop integrals: 

Pl = (l-«3)^#^Pl, 
X 14 

912 = (1 - «1 + U 2 - U 3 ) ^35^46 9lf , 

g 13 = (1 - mi - u 2 - u 3 + 2u 2 u 3 ) x 2 25 x 2 m g 2 ™ h , (4.3) 
gu = (1 -u 3 )(l -mi -u 2 -u 3 ) x 2 25 x 2 m gj™ , 

with the 17 others defined in the obvious way by cyclic shifts. 

There is an interesting integrand identity involving these combinations with coefficients 
±1 only 

6 3 

= ^2(-Pi + 9a+i - gn+2) + ^2 ^"+ 3 - ( 4 - 4 ) 

i=i i=i 
Putting all terms under a common integral over xq and factorising produces a numerator 
polynomial with 87 terms, all composed of seven xf - factors. This is of conformal form; 
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every term has weight two at all points. Upon substituting rational numbers we may 
verify that the polynomial identically vanishes in the hexagon light-cone limit, regardless 
of the choice of xq- This could in principle be shown by expanding the Lorentz invariant 

its components, although in practice this is hardly possible by the 
sheer size of the problem. It can also be shown in momentum twistors and is presumably 
related to the Gram determinant. 

If a regulator is introduced, the sum of integrals in f |4.4j) should not receive non- vanishing 
singular or finite contributions — after all we are integrating over zero. On the other hand, 
in dimensional regularisation there can be non- zero contributions at 0(e) and beyond, 
simply because the numerator polynomial ceases to vanish outside D = 4. 

The sorts of objects which arise in perturbative computations of correlation functions 
are traces over x a a, and much of this section will be devoted to understanding how to 
massage such objects into the most useful forms. The basic conformal covariants of trace 
type are Tr(xijXjkXki ■ ■ ■ x m i)- Conformal covariance is guaranteed by the characteristic 
repetition of points between neighbouring differences. Due to the index contractions we 
must have an even number of entries in the trace. In such a trace we can always use the 
manifestly conformal identity 

^13^32^24 = -^12^23^34 - ^23 2 14 (4.5) 

(here 1,2,3,4 represent any four points) and its conjugate to put any chain of differences into 
ascending point ordering. Four-traces of conformal type do not have a parity-odd sector 
so that they immediately reduce to products of squares. For seven points the longest trace 
without point repetitions has six entries. There are then seven such cases according to 
which point is omitted. 

Hence all traces appearing in the calculation reduce to ^{x^^zX^x^x^Xqi) and sim- 
ilar objects. Point will later be an integration variable, so that we would like to take 
it out of the trace by tensor decomposition in a way that manifestly preserves conformal 
invariance. To this end we write the ansatz 

^50^01 = /] aiVi, V% = x 5i xn (4.6) 

i=2,3,4,6 

because the left hand side is a four-component object and the basis elements on the right 
hand side transform in the same way to the left and to the right as the left hand side does. 
Multiplying up by the conjugates of the yi we obtain four equations which are indeed 
invertible. They express the Oj in terms of xfj because the conformal traces of length four 
do not contain a parity-odd part. Mathematica can easily solve the system. The a, are 
found to be polynomials of 27 terms, each composed of six a£ factors, divided by the 
common denominator xf^x^xfg A, where A = (1 — U\ — 112 — U3) 2 — AU1U2U3. 

The numerator polynomials have the appropriate conformal weights. In particular, 
there is exactly one xf in every numerator term. The decomposition can now be substituted 
into the original six-trace thereby expressing it in terms of £?■ and the trace 1234561. Since 
the common denominator is cyclically invariant it is not hard to derive the decomposition 
of the other traces involving point from this case. 
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Finally, the parity-odd part of the trace 1234561 is related to the symbol \fK (which 
appears for example in the formulae ( IF. 141) for the p\ component of the R invariants) 
simply aa^l 

2 

2 2 2 ^A x \2 x 2Z x ^ x ^ x m x &\) - (1 - «i - « 2 - u 3 ) = VA . (4.7) 
X 14 X 2 5X 36 

Since the trace 1234561 is essentially unique this is common to all the R invariants. The 
sign of the square root in the right-hand side of (14. 7p is in fact always positive in the last 
formula unless A is real and negative. Nevertheless, we should keep in mind that the sign 
of the parity-odd part of the trace is reversed under the exchange of x for x implying that 
y/~K is anti-cyclic under shifts. 

Finally the six trace can be written in terms of Lorentz objects as 

2 / 

= 2 2 2~ \ X 26 6 { x 16i x 36, X A6, ^56) — X 3Q e ( x 16, x 26, X A6, ^56) + 

X 14 X 25 X 36 V 

xl 6 e(x w ,x 2 6,x 36 ,x 56 ) ) . (4.8) 



4.2 MHV^ revisited 

In [8] an x space form of the MHV n-point 1-loop amplitudes was derived by evaluating 
correlators in terms of M = 2 superfields. These expressions naturally contained a sum 
over non-conformal four-traces like Tr^ioisoa^o^so)- So as an application of the techniques 
outlined in the previous section, let us first try to recast the integrand of the MHV 6-point 
1-loop amplitude (here taken from the correlator calculation in [8] in the hexagonal light- 
like limit - the one- loop correlator and its integrand are G^l = J G^\) into a convenient 
form using the aforementioned ideas about tensor decomposition. We first try to write the 
MHV integrand in terms of one-loop integrals of the form 



A$>(xo;X U ...,X 9 ) = fll ^0*35*46 + (| ()) 

x 10 • • • x 60 

x\ Q Tr(a;23a;34a;45X56a;6oa;o2) 
+ Oi 5 5 h . ■ ■ 

x 10 ■ ■ ■ x 60 

where the dots indicate the 17 other possible terms with a numerator composed of four xfj 
(corresponding to 6 one-mass boxes, 6 two-mass hard boxes and 6 two-mass easy boxes - 
since the latter can come multiplied by two different external factors each) and the 5 other 
trace terms obtained by cyclic permutations of the outer points 123456. The existence of 
a solution follows from the analysis in [16]. The number coefficients aj,6j can be found 
numerically. The solution is unique up to one free parameter, which we fix by imposing 



3 The term 1 — m — U2 — u% removes the parity-even part of the trace. 



24 



manifest cyclicity. The result is then 



^6;o( X 0; X\, . . . , Xq) 



(The terms with the two-mass easy box double in the cyclic sum.) Now we can use the 
tensor decomposition results as outlined around equation ( 14. 61) to rewrite this in terms of 
the 1234561 trace (which in turn we write in terms of a/A using (14. 7ft ) and scalar integrals: 

A$(xo;xi,...,x 6 ) = x 2 35 xl 6 g\% + ~(1 - u 3 ) x\ h x\ % g\^ e + (cyclic) 

1 6 

+ -t= & + 9U+2) (4-11) 

* i=l 

(Note that cycling doubles the two-mass easy terms). The alternating sign ( — 1)* in the 
sum of integrals in the last line compensates the anti-cyclicity of y/~K (see above) to yield 
a cylically invariant result. 

We would like to point the reader's attention to the fact that the parity-odd part 
curiously contains the rescaled integrals of the p, g basis, all with coefficients 0, ±1. 



2x 35 x1 6 g\™ ^25 X 46 dlZ^ + (1 U 3) x \b X \& dl™ 

d 4 xo Tr (x23Xs4X45X^xqqXq2 ) 



,fi 2 ,->T 2 

x 20 ' • • ^60 



+ (cyclic) . (4.10) 



4.3 NMHV^ 

The next amplitude at six-points we wish to obtain from correlation functions - as a warm 
up to the case of interest - is the 6-point NMHV tree-level amplitude which can be found 
from the correlator, Gg°] in the hexagonal limit. This is the simplest non-trivial example of 
the tree- level NMHV correlators considered in the companion paper []. Here we will only 
consider the component with p 6 turned on ie G^\\ p 4 and later will reconstruct the entire 
result from this. 

As usual we compute the A/=4 correlator perturbatively using relevant M = 2 correla- 
tors and uplifting to A^=4. Here the M = 2 correlator we need is 

lim (Pi0 2 O z dA £f= 2 )W (4.12) 

with 

= Tr(g 2 ), = Tr(g 2 ), 6 = 2Tr(gg), C M=2 = _J_Tr(Wfr =2 ) (4.13) 

Ag 2 

where q is the hyper mult iplet and W the field strength multiplet. See Appendix|B]for some 
facts about M = 2 superfields. Note that the most convenient form of the M = 2 action (as 
given in the appendix) uses a field rescaling of the Yang-Mills prepotential V as opposed 
to standard conventions. At the linearised level this amounts to WV=2,iin = g WV=2,iin- 
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The correlator calculation proceeds in almost the same way as in the case of the MHV 
n-point one- loop amplitudes described in [8]. For the sake of brevity we only point out 
some differences between the discussion given there and the new case considered here. 

Both the MHV five-point one-loop amplitude and the NMHV six-point tree level can 
be found from this M = 2 correlator. In order to obtain the MHV amplitude we put the 
positions of the hypermultiplet bilinears at the vertices of a pentagon with light-like edges. 
The position of the Lagrangian operator is then the integration variable of the one-loop 
MHV integrand. 

In order to obtain the six-point NMHV tree-level amplitude we rather place all six 
operators at the vertices of a hexagon. Due to the different light-cone limit the range of 
relevant diagrams becomes slightly smaller and the cancellation of harmonics with negative 
charge follows a different pattern; for instance, the limit selects exactly one "TT-block" 
(c.f. [8]). In close parallel to the MHV cases, the light-cone limit is blind to the actual 
hypermultiplet projections (i.e. the positioning of O, O, O) at points 1...5, up to a constant 
of proportionality. The parity-odd terms sum into \/A via formula (I4.8f) and the result, 
after lifting to A/"=4 using the techniques in appendix [D] is simply 



i- ^6:1 
hm — — 



2 (r 1 + R 3 + R 5 ) . (4.14) 

V / of 



As always at 6-points, we use the symbol R\ = -R23456 (and cyclic) to simplify the notation. 
It is crucial to note that since we are only considering the p 4 component here, we can not 
immediately reconstruct the full correlator using superconformal symmetry (which allows 
us to freely set 4 p's to zero - a fact we have used extensively throughout section [3] - but 
no more than 4). Nevertheless we will find that the formula f)4.14p does in fact lift up to 
the full M = 4 correlator as will be explained in Section 14.51 below. The result is then in 
full agreement with our duality conjecture because Ri + R 3 + R 5 = ^nmhv^I' • • • > x &)- 

4.4 NMHVf' 

Let us finally turn to the main aim of this section, the one-loop correction to the 6-point 
correlator at order p 4 in the light-like limit, which should give the 6-point NMHV 1 
loop amplitude according to our duality, and which we can obtain as an integral of the 
7-point tree-level correlator G^) 2 over the position of the additional Lagrangian at point 0. 
Again we will first concentrate on a particular component by switching off p±, . . . ,ps and 
later explain how to obtain the full result from this. So we wish to compute 



hm Gg(l,...,6)| p 4 = /rfp hm G@(0; 1, . . . 



Again we can't do the perturbative calculation in Af—4 directly, so instead we compute 
the relevant J\f=2 correlator and reconstruct G^) 2 . Here the M = 2 correlator is 

(£*= 2 Ox 2 3 4 5 £g = 2 ) (0) . (4.16) 
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As before, the five hypermultiplet bilinears and the Lagrangian at point 6 are at the ver- 
tices of the hexagon 1234561 with light-like edges. As in previous cases, this calculation is 
simply a different light-cone limit of a previously studied correlator, G^I(xq, Xq>; Xi, . . . , X5) 
which was used in [8] to study the five-point two-loop MHV amplitude integrand. 

This time however by considering this new limit one selects a somewhat different set of 
graphs. Harmonic analyticity still implies the absence of the "TT blocks" , and we can avoid 
the systematic use of the cyclic identity for harmonics by the same identification tricks as 
in [8]. Since Xqq is not on the light-cone, the superconformal reconstruction technique first 
developed in [18] does not interfere with the light-like limit. The technique directly yields 
conformally covariant traces of the type x i§x§2 ^20^03 • • • where the points 6 and alternate 
so that the complete traces must have length 4,8,12 etc. Putting the points into ascending 
order (with point beyond point 6) by the manipulation (14.51) . we end up with xfj and the 
six-traces discussed in Section |4~T1 

Taking the light-like limit for the xfj terms is straightforward, but the trace terms 
are more problematic. In general off the light cone, there are six independent harmonic 
"channels". But similarly to what we have seen in previous cases on the light cone most 
of these channels are subleading, and only the pentagon one yf 2 ■ ■ ■ y\\ (or in this case the 
J\f—2 analogue remains.) This vanishing of all but the pentagon one becomes manifest 
upon tensor reducing the traces involving xq. In this channel we can split the remaining 
six-trace into its even and odd parts, whereby the even part reduces to the integrals p, g 
times some coefficients similar to those defining the p, g basis, while the parity-odd part 
still has the terms x\ . . . x\ Q (xg ) 3 in the common denominator and thus seems to diverge. 
It is possible, though, to take the product of the vanishing polynomial (14. 4p with some 
smaller expression out of the numerator in such a way that x§ factors out. The odd-part 
then reduces to the usual 21 scalar integrals, too. 

At this point we get the one-loop correlator in a much nicer form and which looks like 
it should simplify further, but we have not yet obtained a concise form for it. 

The duality conjecture (12.111) predicts a relation between the correlator and the square 
of the amplitude. Expanding out the square at this order we thus expect a term of the form 
(NMHV tree) (MHV one-loop) in the duality relation. Notice that here both factors have 
a parity-even and a parity-odd part. We expect the correlator to be related to the NMHV 
six-point one-loop amplitude integrand. We know that any amplitude can be written (at 
the level of the integral in the four-dimensional limit) as a combination of boxes times 
coefficients [39]. In this context the amplitude is given as [23] 

A { ^(x u . . . , x 6 ) = (Rx + Rt) x 2 35 xl 6 g\™ + (R 3 + R 6 ) x 2 25 x% g^ h + (cyclic) . (4.17) 

Here it is important that in this equation both sides are the integrals not the integrands 
as we shall see. So we now have expressions for both the correlator and the amplitude 
in terms of box and pentagon integrals p, g. Mellin-Barnes representations for the p, g 
integrals are straightforward to derive, so with the help of the MB.m package [50] we have 
been able to check to satisfactory precision (exact for the singularities, about 0.0(2) for the 
finite part) that as integrals (where we regularise via standard dimensional regularisation 
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for the amplitude and the analogous regularisation for the correlator and where we have 
lifted to Af = 4) we have 



^6:0 



X<5 



pi 



(4.18) 



(Ri + R 



3)\ P j ...,x 6 ) + Aftfa, . . . 



just as predicted by the duality (the first term arises from expanding out the square of the 
amplitude to this order). 

Now comes the important question of whether this duality can be promoted to an 
integrand identity. The integrand for the correlator as we define it is simply the correlator 
Gy°2, via the insertion formula (12.161) Gg 1 ] = J dp,G^) 2 . We do not expect the naive NMHV 

integrand, R&\, obtained from (I4.17P by simply removing the integrations from the boxes 
to lead to an integrand identity. Instead we have at the integrand level: 



G@(0;1,... 



d 4 p 



GgJ(l,...,6) 



(4.19) 



(Ri + R 3 )\ p 4A^l{x ;xi,...,x 6 ) + R^i(x ; x u . . . , x 6 )\ p 4 + rL 



IPS 



where r must vanish upon integration and = R^\ + r becomes the prediction of our 

duality for the true NMHVg 1 ^ integrand. Note that r has both a parity even and a parity 
odd part. Suppose we write a/A = A/vA. The parity-odd part of the last formula 
then becomes a linear equation which we can easily solve for the parity-odd part of the 
remainder r. The solution takes a simple form if the integrand identity ( 14. 4 p between the 
p, g integrals is used to eliminate p 6 from the one-loop MHV amplitude (14. lip : 



r odd|p| 



+ 



7= -R2even| p 4 (p2 + Ps) ~ (#12 + 923 + 945 + 956 

+ (924 + 935 + hi + 9m) - 2 ~925 

7= #3 even | p% ipl + Pa) ~ (#12 + 934 + 945 + 961 
+ (#13 + 924 + ~946 + 9Bl) ~ 2 9li) 



(4.20) 



Here i? 2 ,3 even| p | refers to the expressions (IF.14P with a/A put to zero. Miraculously, if we 
upgrade the even part of -^2,3^4 to the full expressions including the parity-odd square root 
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terms then f 14 . 1 9 1) turns into an integrand identity also in the parity-even sector. We find 



r\ 4 



= ~f= Rllpf (2 {p2 + Ps) - (#12 + 923 + 945 + 956) 

+ (924 + 935 + 951 + 962 ) - 2 (]25 ) ( I - ' ) 

+ — != R3\ P i (2 (pi +p 4 ) - (§12 + 934 + 945 + get) 

+ (<?13 + 924 + 946 + 95l) - 2 014 ) • 



Mathematical inbuilt factorisation algorithm can show this algebraically; alternatively one 
can substitute numbers. The MB.m package shows to good precision that the two sums 
of integrals in ( I4.2ip separately integrate to zero. We remark that both sums can be made 
to contain only coefficients 0, ±1 by adding in the integrand identity ( 14. 4p . 

In summary then we have a clear prediction for the NMHVg 1 '' integrand albeit only in 
the pQ sector. We now turn to the question of obtaining the full integrand in all sectors, ie 
obtaining the full p dependence of r. 



4.5 Reconstructing the full supercorrelator/ NMHV amplitude 

We now wish to try to reconstruct the full one-loop correlator with its full p dependence 
in the hexagon limit from the results of the previous section where the p§ projection was 
derived from J\f—2 correlators. In fact we eventually discuss the integrand, which is simply 
the tree correlator G^ 2 . 

Our conjecture is that the hexagon light-cone limit will reproduce the NMHV six-point 
one-loop amplitude and related terms and indeed we have already seen this at the level of 
the integral and for the p G projection. 

In order to perform this reconstruction, we assert that the correlation function in the 
hexagon limit must be a linear combination of NMHV 6-point R invariants, Ri . . . Rq 
times pseudoconformal integrals. This is simply because the correlator is superconformally 
invariant, and in the hexagon limit Ri are all the superconformal nilpotent invariants at this 
order. (The analysis is identical to the corresponding amplitude analysis performed in [23] 
translated to analytic superspace.) It could be that there are more nilpotent invariants off 
the light-like limit, but we will not look into this issue here. 

Since we know that Ri + R 3 + R 5 = i? 2 + R4 + R&, only R\ . . . R 5 are independent and 
we therefore have in principle the following expansion for G 6;1 (indeed the same expansion 
is valid at any loop order so for the moment we do not specify the loop order) 

G 6; i = Ri {y^yhyuyhy^yli fn(x) + y^ 2 yl 4 y^ 6 f 12 (x) + . . .) 

+ R2 (yLs&j/wf 452&s/6i /21 (x) + yt 2 yt4yte f™ 0*0 + • ■ ■) (4.22) 
+ ... 

+ #5 {y^yhyuy^y^yei fsi(x) + y^vLvte f^ix) + ...) 
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The presence of these y terms is a straightforward consequence of the SU(4) R symmetry. 
One needs to write down any monomial in yfj for which all indices 1,2, 6 appear precisely 
twice. There are a total of 130 distinct non-vanishing harmonic structures with charge 2 
at every point, of which we have displayed the hexagon one (which will finally be the only 
one to survive) and — for illustration purposes — one other term. 

However considerations of this formula projected on the p\ component vastly reduce 
the number of independent functions. The p\ components of the R invariants, which are 
displayed in equation ( IF. 14ft have a universal form 

R % \ p% = Risim, u 2 , u 3 , y/A) 4^r -T^T > ^56 = i? 66 = , (4.23) 

^26 X A& Vl6 Ub6 

where this equation defines the functions R^ for all i,j by cyclic rotations. The p\ com- 
ponents of the R invariants introduce singularities in y 2 into (14.221) . Since the whole 
correlator is supposed to contain only finite dimensional representations of the internal 
symmetry group we require the absence of such poles; in other words we demand "har- 
monic analyticity" . This is a rather strong constraint which puts most of the unknown 
functions in (14.221) to zero. 

Next, we also know that in the light-like limit the y dependence of Gq-i\ p 4. is just 
given by the pentagon harmonic structure 2/122/23 2/34 2/45 2/f 1 (this is admittedly currently an 
observation on the relevant M = 2 correlators rather than a proven feature - it is certainly 
true in the tree and one-loop cases we are interested in as seen in the previous two sections 
and it seems likely to be true in general at any loop order). 

But then taking the p\ projection of (14.221) together with these facts we see that the 
only allowed harmonic structure in (I4.22p is the the hexagon 2/-structure. Namely we have 

5 

lim G 6;1 = yl^vlAvl^ylx y^Rifiix) . (4.24) 

The fi(x) are obviously subject to cyclic invariance. 

Finally we can determine the 5 functions fi(x) by using the perturbative computations 
of the previous two sections, where we computed the p$ component of this correlator at 
tree-level and one-loop, Gq^\ p 4, for / = 0, 1 together with its cyclic shifts. 

In particular from here we can reconstruct the full function r (recall r is the differ- 
ence between our prediction for the full amplitude integrand and the naive integrand R^\ 
involving box integrands only.) 

We certainly can not simply take the result (14.201) for r and remove the | p 4 since for one 
thing the result is not cyclically invariant. Similarly to the result for G^i (14.241) we have 
that r = J2i Ri9i( x ) for 9i( x ) to be determined. But the results of the last section, give us 
(see (jCT]) 

5 

^Rieg^x) = r\ p 4 = known (4.25) 

i=l 
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and the five cyclic shifts of this equation, which constitutes a system of six equations for 
five unknowns gi(x). We have sought a solution for five of the equations, separately for 
the even and the odd part of the p\ components of the R invariants, using their explicit 
dependence on Ui, «2> «3- The sixth equation is satisfied in both cases thanks to the identity 
(14. 4 p between the 21 scalar integrals. The solutions as computed from the even and the odd 
part look different at the first glimpse, but upon eliminating the p§ integral by equation 
(14. 4 p one finds the same solution in both cases. Curiously, the final form of r is 

r = -f= (Ri - Ra) (2 (pi + p 4 ) - (g 12 + £34 + <?45 + hi) 

+ (#13 + 924, + 946 + <?5l) - 2 #14) (4.26) 
+ [Ri - R*) (2 (p3 + Pe) - (<?23 + 934 + 956 + 9&l) 

+ (#13 + 935 + 946 + 962) ~ 2 # 36 ) • 

As in formula (I4.20p the two sums of scalar integrals can be made to contain only coefficients 
0, ±1 by the integrand identity (14. 4p . The complete expression (I4.26P is cyclically invariant: 
after a shift (respecting the anti-cyclicity of v^A) one may replace (R 3 — R 6 ) = —{Ri — 
Ri) + (R2 — R5) and finally use (14. 4p to restore the original form. 

While the p, g integrals in the integrand identity (14. 4p . the linear combination in the 
parity-odd part of the MHV amplitude (14. lip , and the two sums of integrals in (I4.26P add 
up to zero at 0(l/e 2 ), 0(l/e), 0(1) in all four cases, the MB.m package clearly indicates 
otherwise^ at 0(e). Since we have employed ( 14. 4 p in many places in our analysis, our result 
( I4.26P is not necessarily valid with respect to 0(e) corrections in dimensional regularisation 
or related schemes. 



Summing up then we have that the integrand of Gg 1 ], namely G^l is given by: 

f G/g(0;l,...,6) 
hm / a pcr 



Gg(l,...,6) 

= 2 (^>(1,...,6)J5$(0;1,...,6) + i?g(0;l,...,6) + r 
as an integrand identity in four dimensions. 



(4.27) 



11 The cancellation of the singularities works to very high precision, while the finite parts typically yield 
0.0(2). At O(e) we consistently found non- vanishing contributions to all four sums; for some sample points 
even rather large numbers. The first three digits were always significant according to the error estimates 
supplied by the package. 
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4.6 Match with the amplitude integrand proposal 

We now wish to compare our predicted amplitude integrand to the corresponding expression 
in [21] which is written in terms of momentum twistors 

Z t = (Aj, fa) , = A? (xiU , ~xT = > M_^L^± . (4.28) 

A local form of the output of generalised BCFW rules [11] for the integrand of all one-loop 
NMHV amplitudes was given in [SJ. Specialising to the six-point case this gives 

6 

-^fylO^Oj x li ■ ■ • i x §) — (Ji+l,i+2,i+4 + Ji+3,i+4,i+l + Ji+5,i+l,i+3) R% 

i=l 
6 

+ J M+2 + J M+i(#i + ^3 + i? 5 ) , (4.29) 



»=i 



where 



(AB {i - 1 i i + 1) n (j - 1 j j + l))(Xij) 
(ABX)(ABi - 1 % + 1)(AB j - 1 j)(AB jj + 1} 



j (AB(i-lii + l)nQ ijk ) 

v,fe (ABX)(ABi - li)(ABi i + 1)(AB j j + 1)(AB kk + 1) ' l ' J 

In these formulae (AB) define the integration point and X = {CD) is an arbitrary bispinor 
of which the six-point integrand (14 . 2 9 h is in fact independent. The D symbols mean inter- 
sections in twistor geometry following the rules 

(AB(ijk)n(lmn)) = (Aijk){Blmn)-{Almri)(Bijk), 

(ijk)r\X = D(Ctjk) -C (Dijk) (4.31) 

and the surface 6^ is defined as 

e ijk = ~[(jj + i(ikk + i)nx)-(kk + i(ijj + i)nx)} . (4.32) 

Through the chain of back-substitutions the NMHV integrand ( 14.291) is reduced to twistor 
four-brackets as defined in ( 13.47P and R invariants. 

It remains to compare formula (14.291) to our prediction for this integrand from the 
six-point correlator, namely -Rg 1 ] + r (see (14.261) ). So we wish to verify 

i?Si + r = A® , (4.33) 

where the left-hand side is our prediction and the right hand side is the local twistor 
integrand (14.291) . Since the p\ . . . p§ structure of the invariants is rigid and M = 4 correlator 
and amplitude are cyclically invariant we will not do this for more than one Grassmann 
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component; given the discussion in the preceding sections the obvious choice for us will 
be p|. If random complex integers are chosen for the components of Z\, . . . , Zq, A, B, C, D 
(we limited the range to [—100, 100] for real and imaginary parts) the evaluation of either 
side of (14 .331) stays in the rational numbers which Mathematica can treat exactly; any 
disagreement would be noticed. The evaluation of the twistor integrand simply uses the 
determinant form of the (ijkl) four-bracket, while our x-space integrand can be calculated 
by matrix multiplication after gaining the Xi from the twistors by (I3.45p . 

We have successfully run this check for hundreds of sample points confirming that the 
correspondence between correlation functions (as calculated by Lagrangian insertions in 
the Af = 2 formalism) and amplitudes holds at the loop integrand level for NMHV cases, 
too. 

Last, according to [21 J 

5 

4|l = #135 (Ji,i+l,i+3 + Ji,i+l) j (4.34) 

1=1 

4? = ( 4 - 35 ) 

from which we may check numerically that 

4!! + #13545 = #135(4^x^4^(1, 2, 3, 4) + cyclic) (4.36) 
as stated in the main text. 

5 Conclusions 

We have illustrated with several examples that the tree- level n + m-point function of M = 4 
stress tensor multiplets generates all N fc MHV (n + fc)-point (m — /c)-loop amplitude inte- 
grands for < k < m in the appropriate light-like limits. This extends the correlator/MHV 
amplitude duality discussed in [H[T6] to the entire super-amplitude in planar Af = 4 SYM. 
The feature that a given correlator can generate a variety of amplitudes has a close parallel 
in the super Wilson loop proposal of [131 [14] . 

We conjecture that the correlator/amplitude duality generally holds at the level of 
the integrand. As a highly non-trivial test we have used the new correspondence to con- 
struct the integrand of the NMHV six-point one-loop amplitude and confirmed its exact 
equality with the corresponding prediction of the BCFW recursion rules for the all-loops 
integrand [9] in local form [21]. To compare the two expressions we have substituted ran- 
dom generated complex rational numbers, which Mathematica can manipulate without 
numerical approximations. 

The correlator computation relevant to the latter check was done entirely in the tradi- 
tional x space variables, using only conformally covariant manipulations for the reduction 
and tensor decomposition of traces over x aa . The final x space formulae for the parity-odd 
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sector of the integrand are strikingly simple; if a certain basis is used for the scalar integrals 
we find only coefficients 0, ±1. We hope that this circle of ideas will be useful in other 
applications, too. 



Note added 

When this paper was ready for submission, two other publications on the duality between 
correlators and Wilson loops appeared [31], [32] ■ The former treats the duality in three 
dimensions, the latter proposes a twistor superspace version of it. 
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A Partial non-renormalisation of the four-point cor- 
relator G?4;0 

In the minimal on-shell M = 4 analytic superspace formalism [24] there is the equivalent 
of the x-space conformal inversion acting on the internal y variables. The stress-energy 
tensor multiplet has weight (—2) (to be identified with the SU(4) harmonic charge (+2) 
used in [17]) under this transformation. This defines it as the highest- weight state of the 
irrep 20' of SU(A). At the same time, it has conformal weight two. At p = p = the full 
structure of the four-point correlator is 

s~1 ( \ 1/122/23^342/41 77 , J/12J/132/242/34 jp 1 2/132/142/I32/I4 TP 

^4:0^1; ■ ■ ■ ,Xa — —5 5 5 5-^1 H 5 5 k ~\ 5 5 5 ^-t<3 

x 12 x 23 x 34 x 41 x 12 x 13 x 24 x 34 x 13 x 14 x 23 x 24 

4 4 4 4 4 4 

, 2/122/34 TP I 2/132/24 TP I 2/142/23 TP /A 1\ 

J, 12 X 3 4 x 13 x 24 x 14 x 23 

where Fi(s, t; a) (with i = 1, . . . , 6) are functions of the two independent conformal cross- 
ratios 



x 12 x 34 , _ x 14 x 23 

2 2' 22 
x 13 x 24 x 13 x 24 



(A.2) 



as well as of the 't Hooft coupling a. The six terms in ( 1A.1I) correspond to the six SU(4) 
irreps in the tensor product 20' x 20' = 1 + 15 + 20 + 84 + 105 + 175. Each of them 
consists of a propagator structure and a conformally invariant function. The propagator 
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structures are obtained by connecting the four points with free propagators (I2.13P in all 
possible ways (Wick contractions). They have the required conformal weight two and 
internal charge two at each point. At tree level the first three terms are described by 
connected, the other three terms by disconnected graphs. The six coefficient functions 
Fi(s, t; a) = Ci + aF^(s, t) + a 2 F < > 2 \s, £) + ... comprise tree-level constants and functions 
from loop corrections. 

A very important property of the four-point correlator is that the six loop correction 
functions are not independent: they are all proportional to a single function of s,t. The 
loop correction to the correlator, i.e. the part excluding the tree-level contribution, takes 
the following factorised form 

r 4;0 



G 4; o - G>o = I{xi, ...,Xi,yi,..., y 4 ) F(s, t; a) , (A.3) 



with the rational prefactor 

j _ ^12^23^34^41 /i _ _ ,\ | 1/12^13^24^34 / , _ _ q \ 

2222 V / ' 2 2 2 2 \ / 

x 12 x 23 x 34 x 41 X 12 X 13 J '24 J '34 

2222 44 44 44 

, ^13^14^23^24 / . \ , V\2Vz4 , 2/l3^/24 , VuV23 + / \ A \ 

' 2 2 2 2~ \ S ~ l ~ 1 ~* 4 T~ S ' 4 4 1 4 4~ 1 ' l A - 4 J 

X 13 X 14 X 23 J '24 • h \2 Jj Z4 ■ // 13 x 24 x 14 x 23 

We stress that this result is valid to all orders in the coupling. This remarkable fact, known 
as "partial non-renormalisation" [20], can be explained in two equivalent ways: 

One explanation is given by the super conformal Ward identities which the correlator 
has to satisfy. Apart from the simple fact that the odd variables of the supercorrelator 
(7i • • ■ Ti) can be gauged away by Q and S transformations, the various components in its 
Grassmann expansion satisfy differential constraints following from the full superconformal 
algebra with generators Q,Q,S and S. Their general solution [20] involves an arbitrary 
two- variable function exactly as in (1A.3j) . (1A.4j) . and in addition a single variable function 



not shown in (1A.3j) . The detailed analysis of the conformal partial wave expansion of the 



latter shows that it can only contribute at tree level, where it takes a fixed form (HJ 
The loop corrections, i.e., the derivatives of the correlator with respect to the coupling, 
always take the form ( 1A.3I) . ( 1A.4I) . One can also see this directly in A/"=4 analytic super- 
space in which the correlator becomes an expansion in SL(2\2) invariants (ie characters 
or Schur polynomials labelled by $X(2|2) representations). The renormalised two variable 
function comes directly from generic long (or typical) representations of SX(2|2) whereas 
the protected one variable functions arise from short representations [43] . 

The alternative explanation [IB] makes use of a Lagrangian insertion: In formula ( I2.15P 
we have stated that the 0(a l ) correction to G n can be calculated using I insertions. If the 
integrand on the right-hand side is restricted to Born level this yields in fact exactly the 
0(a l ) part of G n , else all corrections at 0(a m ), m > I are reproduced. The one-insertion 
scenario implies that the loop corrections to the four-point correlator G^-o are obtained from 
the nilpotent part G^-i of the five-point one. The latter is heavily restricted by M = 4 
conformal supersymmetry and has the following general form 

Gr 5; i = P(xi, . . . , x 5 ; pi, . . . , p 5 ; y u . . . , y s ) f(x u . . . , x 5 ) (A.5) 
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at pi = 0. Here P(x,p,y) is a very specific nilpotent rational function of the space-time, 
odd and harmonic variables of Grassmann degree four, carrying the necessary conformal 
weights and internal charges at all five points. The only remaining freedom is in the 
arbitrary function f(x). Further, the coefficient of the (P5) 4 component of P turns out not 
to depend on 25 and y$, 

P pi =...= P4 =o = I(x u ...,x±,yi,..., y A ) p\ , (A.6) 

with the same prefactor I as in flA.4j) . Integrating out the insertion point we find the 
factorised form (IA.3j) of the loop corrections, where the arbitrary two-variable function is 
given by F(s, t) = J d 4 x 5 f(x x , ...,x 5 ). 

Now, the practical question is how to compute the loop corrections. The absence of 
an off-shell formulation of M = 4 SYM makes Feynman graph calculations with manifest 
M = 4 supersymmetry impossible. We have to resort to component calculations (with 
no manifest supersymmetry) or to formulations in terms of M = 1 or M = 2 superfields. 
The M = 2 formulation has the advantage that it reproduces the phenomenon of partial 
renormalisation, for exactly the same reason as in the M = 4 case. Here we just give the 
results of the one- and two-loop computations [TBJE21E2H31] : 

'1 1 



F 



2iV c 2 



2^4 



(47T 



4 16 V ' 



F {1) = 4^ <7(1, 2, 3, 4), ( A -7) 
'1 



x 13 x 24 



2 l X 12 X 34 + X 13 X 24 + X 14 X 23)(5'(-'-5 2, 3, 4)) 



+ x 2 l2 h(l, 2, 3; 1, 2, 4) + x 2 23 h(l, 2, 3; 2, 3, 4) + x 2 u h{h 3, 4; 2, 3, 4) 
+ xa>(l, 2, 4; 1, 3, 4) + x 2 13 h(l, 2, 3; 1, 3, 4) + x 2 24 h(l, 2, 4; 2, 3, 4) 



(A.f 



where the off-shell one- and two-loop integrals are defined by 

1 f d 4 xo 

/I^TJ-2 / ,-yi2 ,-y,2 ,-y,2 ,y^A 

<±H J X 10 X 20 X 30 X iQ 



5(1,2,3,4) = — / J , (A.9) 



/i(l,2,3; 1,2,4) _ /" (A.10) 

V^'l ; J l x 10 x 20 J '30/ J '00 / v x 10" x '20' J '40 / / 

in four dimensions. 

Assembling this altogether gives the formulae quoted in f l3.2H3.5p . In particular the 
two-loop and one- loop squared pieces of F^ reassemble into the suggestive form in (J33J). 

B M = 2 superfields 

Real M = 2 Minkowski space has the coordinates x aa ,8 ia ,8 ia where i G {1,2}. The 
internal SU(2) index i can be raised and lowered by e % \ like the Lorentz indices a, a. 
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Harmonic superspace [26] has an additional coordinate u = (u + ,u~) G SU(2)/U(1). 
Instead of choosing a coordinate representative of the coset one uses the entire matrix 
u G SU(2). This helps to preserve the manifest SU(2) and to keep track of the local 
U(l) charge. (In contrast, in the case of M = 4 described below we prefer to work with 
coordinates on the harmonic coset.) An SU(2) invariant combination of harmonics at two 
different points in harmonic space is given by 

(12) = u + %e ijU +j \ 2 . (B.l) 

Analytic superspace has the coordinates {x, 8 + ,6 + ,u} where 

e + = Put , e + = put (b.2) 

thus involving only one (plus projected) half of the odd coordinates. The M = 2 mat- 
ter multiplet (the hypermultiplet q + ) and the Yang-Mills multiplet (incorporated in the 
gauge prepotential V ++ ) can both be realised as unconstrained quantum fields on analytic 
superspace 



q + (x A , e + ,e + ,u) , v ++ (x A , e + ,e + ,u) , x A = x-Aie^e^u+uj . (b.3) 

The field content of the M = 4 super- Yang-Mills theory is equivalent to the physical fields 
of the two M = 2 multiplets put together. The M = 4 action is obtained when both fields 
transform in the adjoint representation of the gauge group: 



with 



5V=4SYM — 'SW/SYM + <SV=2 SYM (B-4) 

Shm/sym = -2 J dud 4 x A d 2 6 + d 2 e + Tr (q + D ++ q + + iV2q + [V ++ ,q + ]} (B.5) 
SV=2 sym = ~ j d 4 x L d 4 9 Tr(W^ =2 ) , xf = x a « - 2i9 ia 9f (B.6) 

w "=> - r'< "^ />; E J ^ WM ,„ K v) • 

In the definition of the field strength W^ = % the auxiliary harmonics u±, . . . ,u r are integrated 
out. It is less obvious — but nonetheless true — that the field strength is also independent 
of the non- integrated harmonic variable u. WV=2 is in fact a chiral field depending on 
xl,0 1 . Notice that in our convention V ++ has been rescaled with the gauge coupling, 
V —¥ y/2g^V w.r.t. the definitions in [26], which has the effect that the coupling is 
present only in front of the SYM action (1B.6j) and that the physical scalar in V ++ acquires 



a propagator with standard normalisation. 

In this article we draw upon the Feynman graph calculations of [8|[T6|[T8] where the nec- 
essary Feynman rules and methods of calculation are explained in detail. We are interested 
in correlation functions of the operators 

= Tr(q + q + ), = Tr(g + g + ), = 2Tr(g + g + ), 
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like e.g. 



Gn-,o(xi,...,X n ) = (0(x 1 )6(x 2 )0(x 3 ) . . .6(x n )) (B.7) 

= J V<$> e Su ^ SYM O(xi) 0(x 2 ) 0(x 3 ) . . . 0(x n ) . 

Differentiation of the path integral with respect to the coupling constant yields the identity 
d 



9 2 -^Gn;o(Xl,...,X n ) (B.8) 

= j 2 J d 4 x d% J V<§> e s 0(x x ) 6(x 2 ) 0{x 3 ) . . . 6(x n ) ^tr(% 
d x d 9 Q n+ i ; i(x ; 



1 

~ 7 

Equations ( I2.15p . (I2.16P are simply J\f—4 analogues of this relation. 

Restricted to the lowest order in the coupling constant (g 2 by the Feynman rules in 
[HEinjCEH]) this implies that the one-loop correction to the original n-point correlator is 
equal to the integral over the (n + l)-point function on the right hand side; we call this an 
"operator insertion" . We write expressions corresponding to Euclidean Feynman rules, so 
for example the % in front of the action is absorbed by Wick rotation before the vertices 
are read off. 

In the M = 2 formalism the left-handed odd variables 6 a carry .R-charge (+1) and 
Wj\f =2 is of charge (+2). Therefore the mixed correlator Q n +i ; i(x ] x\, . . . ,x n ) must be of 
order # 4 + 0(W). 

The insertion relation (1B.8|) is particularly simple to show starting from the form of 



the Yang-Mills action given in (IB. 61) . On the other hand, the 6 = term of the W^ =2 
multiplet is one of the (complex) physical scalars of the M = 4 SYM multiplet. With the 
given field rescaling we find Wj^ =2 = g~ x <j>{x) + 0(9). In the following section it is implied 
that the field redefinition by g has been undone, so Wj\f =2> u n — > g WV=2, iin- 

Last, in this appendix we have indicated the U(l) charge assignments of the harmonics 
and of the fields to be in accord with the literature. In the rest of this work we simply 
write q, q instead of q + , q + . 



C Reduction M = 4 N = 2 

Real M = 4 Minkowski space has the coordinates x aa , 9 aA , 9\ where A E {1, . . . , 4} and 
a, a are the usual two-component indices. In order to make touch with [21] we rather 
complexify, tacitly keeping the notation 9, 9 although the latter are not complex conjugates 
of each other in the following. 

The M = 4 analytic superspace of [24] has additional coordinates y a > a parametrising a 
coset of GL(A): 
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where V is the (parabolic) subgroup of upper triangular matrices with 2x2 blocks. We 
have split the indices as 

A = (a,a'), oe{l,2}, a' E {3, 4} . (C.2) 
We can use these to project onto one half of the Grassmann coordinates: 

The field strength multiplet 

W [AB] = ^[AB]^ + 0*lA^B] + fljj^F^ + (C.4) 

can also be projected by the "harmonics" 

W M=4 (x A , p, p, y) = e ab g a A g b B W AB . (C.5) 

We see that the 9 dependence is reduced to p (similarly only p remains). The field strength 
multiplet thus lives on "analytic superspace" with the coordinates x°^, p aa , p a ,a , y a ' a ■ The 
change of basis x — > x A is analogous to the J\f = 2 case. In particular, it involves 6 and so 
is irrelevant in the present context. 

The M = 2 analytic superspace can be embedded into this larger space. In order to 
reduce the field strength multiplet to M = 2 pieces we need some of the GL(4) raising 
operators, namely D a a ,. They act only on the y variables according to 

= ^5 b a . (C.6) 

We define 

WV= 4 -> q 

D\ Wx=4 -)• q (C.7) 
D\W N=A ->■ WV =2 , 

so that for instance (recall T = tr(W^- =4 )) 

l - {D\\ 2 f {D%f D% {D%f (C.8) 

-> (Oi0 2 03 4 05tr(W^ =2 )>. 

Further, we define y"' = e a be a ' b ' y^, so for lowering and raising of the two-component 
flavour indices the same convention is used as in harmonic superspace. To add some 
detail: 

e ab e bc = 6%, £ a >b'£ bC = f>a' i e 12 — e 34 = 1 • (C-9) 

The symbol y 2 denotes the determinant of the matrix y, 

y 2 = (cio) 
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On the level of the y, p variables the reduction to M = 2 is accomplished by 



vl ->■ y , v\,v\,v\ ->■ o 



(C.11) 




as a consequence of the index contraction by the e symbols. Last, if we define (p 2 )( a /?) 
£baP a a p\ an d similar for the N = 2 variable 6>^: 



(^i)V = P?) 2 ^ (P 2 ) M V)M) = * (^(^(afl = 26' (C.14) 



D A/" = 4 correlators from J\f = 2 



As mentioned previously perturbative computations of correlation functions are most easily 
performed in M=2 harmonic superspace and are not possible directly in Af—A analytic su- 
perspace. But the amplitude/correlation function duality naturally relates superamplitudes 
to correlation functions in J\f—A analytic superspace. We here show how to reconstruct the 
full Af=4 (bosonic part of the) correlator from various permutations of an Af=2 correlator. 

We will first switch off all superspace coordinates (corresponding to restricting ourselves 
to the MHV amplitudes). Of course in this paper we do not want to restrict ourselves to 
these cases, but they illustrate the procedure which we adapt in the main text to treat 
the various cases we are interested in. First we write down all allowed y structures. In 
the Af—A case this means writing down all possible products of n yf^ terms such that each 
index occurs exactly twice (this is simply because the .R-charge of each operator, the energy 
momentum multiplet is two). Thus 



where the sum is over all permutations of 1 to n (in fact "derangements" - a derangement 
being a permutation in which no element remains in its original position - a permutation 
in which at least one element i remained fixed would lead to y\ = 0). Note that different 
permutations may lead to the same ^/-structure. The most obvious example of this is that 
a and a^ 1 will always lead to the same ^-structure so that f a = However one can 

also see that any cycle within a permutation may be replaced by its inverse to give the 
same ^/-structure, so if a — \iv then a' = iT x v also gives the same y-structure. Strictly 
speaking we should consider equivalence classes of all such related permutations but we 
won't worry too much about these details. 




(D.l) 



<n 
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Such a correlator in A/=4 reduces to many different M=2 correlators. They correspond 
to the projections of the Af = 4 scalar operator O onto M = 2 operators made of hy- 
permultiplet scalars, O -^0,0,0 (see the definitions in (14.131) ). as well as projections 
made of the M = 2 SYM scalar. However we will show that the full Af—4 correlator 
can be reconstructed entirely from specific types of J\f—2 hypermultiplet correlator. More 
precisely for any term in the full Af—4 correlator fID.ll) (specified by a particular permu- 
tation a) we identify a (not necessarily unique) M=2 correlator which will give this term. 
The particular J\f—2 correlator is determined as follows: write out the permutation a as a 
product of disjoint cycles a = o\<J2 ■ ■ ■ u m . Then construct an Af=2 correlator as follows: 
put an operator O at the point given by the first element of <j\ , an operator O at the point 
given by the second position, and so on, alternating between O and O. If the cycle has 
even length, then simply continue the procedure with the next cycle. If however the cycle 
has odd length we must put an operator O at the point given by the last element of this 
odd cycle, then continue with the next cycle. The coefficient of the _A/=4 y-structure in 
question f a can then be read off from the corresponding term in the Af=2 correlator. 

The procedure is best illustrated with an example. Say we wish to determine the 
function f a (x) in the A/"=4, eight-point correlator given by yf 5 y uyl^yhyhv 78 U( x )- Tlie 
permutation in question here can be given as a = (154) (26) (378) (as mentioned above 
this is not unique, we could have chosen (145) as the first cycle instead for example). So 
according to the general procedure for determining an J\f=2 correlator which will give this 
function, we put the operator O at points 1,2,3, O at points 5,6,7 and O at points 4,8 
(corresponding to the last elements in the odd cycles). So in other words we consider the 
M=2 correlator 

{00000000) = y 5 iy4iy54y 6 2 2 y3 7 y38y87/ CT (x) + . . . (D.2) 

where we have only displayed the relevant term in this M=2 correlator which we are 
interested in. The important point is that the Af=4 correlator reduces directly to this 
Af=2 correlator and the Af=4 y-structure reduces directly to this Af=2 ^-structure, thus 
the functions f a (x) are the same@ 

We conclude that we can reproduce any term in the jV=4 correlator by considering 
appropriate M=2 correlators. We need correlators with mostly O's and O's, but we also 
may need a few correlators with O operators. More precisely we need a O for every odd 
cycle in the permutation a, the rest of the operators in the correlator will be half O and 
half 6. 

So for example here we display all the types of Af=2 correlators needed to reconstruct 

12 In order to ensure we don't get a minus sign error, it is important that we always write the J\f=2 terms 
as yij when i is associated with O and j associated with O, rather than y^j. 
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fully the (bosonic) Af=4 correlator for n = 3,4, 5, 6, 7 



n 


= 3 


(OOO) 


->• (COO) 


n 


= 4 


(OOOO) 


->• (OOOO) 


n 


= 5 


(00000) 


->• (OOOOO) 


n 


= 6 


(oooood) + (ooodoo) 


->• (OOOOOO) 


n 


= 7 


(0006666) 


->• (OOOOOOO) 



In particular we see that for n = 6 for the first time we need two different types of correlator, 
the second type, with two O's is needed to determine, f a (x) whenever a is a product of 
two three cycles, which the first type of correlator will miss. 

It is interesting to count the number of different terms in the correlators in J\f=4. The 
counting of the number of independent y-structures is equivalent to counting symmetric 
traceless nxn matrices A with positive integer entries, whose rows and columns add up to 
two. To see this imagine writing the correlator as (OO . . . O) = J2a TYt j=x{yij) Ai 2 Ia(x) , 
where the sum runs over the set of such matrices A. The number of such structures for 
n = 2,3, 4, 5, 6, 7, 8 is 1, 1, 6, 22, 130, 822, 6202 and one can find more details and references 
for the counting of such objects here [46J. 

Finally in this paper we have been considering supercorrelators with odd coordinates 
turned on which complicates the analysis. However the above techniques can be used to 
obtain the component (O(l) . . . 0{n)C . . . C) with all pi = , i = 1 . . .n from appropriate 
Af = 2 correlators, namely (0(1) . . . 0(n)£_^ =2 . . . Av =2 ). Essentially the Lagrangian com- 
ponents lift directly from M = 2 to M = 4 and the rest lifts exactly as described above 
for the case with no Lagrangian insertions. It is this application which we make use of a 
number of times in this paper. 



E Relations between different superspace variables 

In this paper we make use of several different superspaces. The Grassmann odd variables 
we use are Nair's r] and the momentum supertwistor variable x (both familiar in the super- 
amplitude context) and the analytic superspace odd variable p (useful for the correlation 
functions.) Furthermore all of these variables can be defined in terms of the standard Af=4 
Minkoswski superspace variable 9 which we have not made direct use of here. Nevertheless 
it is clear that the variables are not independent and we here give the relations between 
them, which are in fact crucial for understanding the duality. 
Firstly the variables \ are defined in terms of 9 as [29] 

Xi = K^ia = tfOf+ia ■ (E- 1 ) 
Secondly the variables p aa are simply harmonic projections of 9 given explicitly as 

p aa = aa + d aa' y . a a (R2) 
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These two relations together yield a direct relation between x an d p which we have made 
repeated use of (I2.12p 

Xi = (i\(pi ~ Pa+i Vu+i Vi)> Xi = (i\Pu+i Vu+i , (*l = e «/3 • (E.3) 
Thirdly, a general formula relating the r\ to the x variables was given in [29] : 

* = + • (E ' 4) 

We already have seen the relation between x an d P (12. 12j) 

X[ = (i\Pii+iVrii> Xi = (i\(Pi ~ Pa+iVu+iVi) ■ 
Substituting this in we obtain the desired relation between r\ and p 

Vi = /j _ i j\ ^ ~ 1 l ~ /j j \ 1 \ ( j + 1 l °~»+n+2 , (E.5) 

(z - 1| (Ji-ia+iyi + , . . 1 -r (z + 1| er ii+H+2 y i+1 , 



where 



fry* = pijVij 1 - PjkVjk ■ (E.6) 

One can also see this directly from the relation between both variables and the Minkowski 
superspace 9: Due to the matrix notation introduced in Appendix B we can drop the 
Lorentz and internal indices (writing 9' for 9 a ) and rather give the variables a point label. 
We thus have 

Pi = e i + e , i y i . (E.7) 
In the light-cone limit differences of 9 A can be expressed in terms of rj A and bosonic spinors: 

9i, i+ i = \i)Vi, = = • (E.8) 

^From the definition ( IE. 71) we obtain 

012 = P12 - Q'x yi + 9' 2 y 2 = P12 - 9[ yi2 - 9[ 2 y 2 . (E.9) 

Our goal is to write rfo, in terms of the analytic superspace variables p, t and y^ Since we 
want linearity we unfortunately have to keep 9[ in the equation, while the isolated y 2 does 
not look critical. 

The R invariants first occur at five points, which thus seems to be a natural and suffi- 
ciently non-trivial example. Proceeding like in ( IE.9j) (which is repeated for completeness) 
we find the system 



E 2 
E 3 



9\2 = -9[ 2 y 2 + (-9[) y 12 + p 12 , 

#23 = -^3 2/3 + (^ 2 -^)y23 + P23, (E.10) 

#34 = -9 , M y i + (9' 12 + 9' 23 -9' 1 )y M + p M , 

045 = -9' 45 yn + (9' 12 + 9' 23 + 9' 34 - 9 1 )yi 5 + p4 5 . 
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The 6*5i = ... condition is not independent, of course. Putting in the light-cone variables 
the system becomes 



(E.11) 



Every equation Ei splits into two conditions because we can project with two different 
bosonic spinors. We label 



E l : 


\l)Vi = 


-\l)Vi 2/2 + {-0'i) J/12 + P12 , 


E 2 : 


|2> 77 2 = 


-|2) V ' 2 y 3 + v [ - 6[) y 23 + p 23 , 


E3 : 


|3> 773 = 


-|3) V3 2/4 + (|1> V'l + |2> V2 - O'l) 2/34 + P34 , 


E 4 : 


14)^74 = 


-|4) 77^2/5 + (|1> v'i + |2) v'2 + |3) Vs ~ 0[) 2/45 + p 45 



(i\Ei, 



E 



ib 



(i + l\Ei. 



(E.12) 



These are eight equations whereas we try to solve for four rji and four 77^ and the two 
projections of 6[, so a total of ten quantities. What we can additionally invoke is the 
conservation condition on the #'s. Splitting it into primed and un-primed halves and 
projecting with (4|, (5| we find the four conditions 



774 = 



(15) (25) (35), 
(45) 11 (45) 12 (45) 



V5 



(15) , 
(45) m 
(14) 



(25) , 
-V2 



(35) , 



(45) " (45) 



(E.13) 



(24) (34) 
Vi + 7777% + 7777% 



(45) ' (45) ' (45) 
(14) , (24) , (34) , 
(45)^ + (45) %+ (45) % 



The first two of these are the two missing conditions completing our system to a total of ten 
equations. The other two then simply yield 775,775. Solving the system is straightforward if 
cumbersome. We find 



(1\9[ = (l\ Pl2 y u \ (5\6[ = (5IP512/51 1 - 
Finally, in terms of the Q supersymmetric combination 



0"512 = P512/51 1 

the solution for 77, 77' takes the simple form 

1 



P12 2/12 1 



■(5 1 (7 5 i2 



1 



(51) v 1 ° iZ (12) 

— (51^512 2/1 + 



(2 1 (Ti23, 
1 



(E.14) 



(E.15) 



(E.16) 



(12) 



(2 1 <7i23 2/2 



and cyclic. Note that the un-primed #'s are unambiguously determined, too, because 
0i = Pi -012/1- 
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Our equations for r\ in terms of p carry over to the n-point case: Splitting p into 9, y 
makes (1E.16j) simplify to r\ A = r\ A for any number of points, so this is a general solution. 
On the other hand, the number of odd degrees of freedom always matches between the pi 
and the respectively. 

F p\ components of R invariants 

A general formula for the R invariants [23J in terms of momentum supertwistor variables 
was given in [13]. The invariant is characterise by 5 labels r, s — l,s,t — l,t. 

5 4 (E rs _i s j_it) 

r,B-x,s,t-i,t - (s-lst-lt){st-ltr)(t-ltrs-l){trs-ls){rs-lst-l) 

(F.l) 

with 

^rs-ist-it = (s - 1 st - It) Xr + (cyclic) . (F.2) 

The twistor four-bracket was defined in equation (13.471) in Section H~6l In the delta function 
in the numerator we cyclically shift the five arguments (s — 1 s t — 1 1) Xr — >■ (st — ltr) Xa-i 
etc. yielding a total of five terms. The evaluation of this visually somewhat stunning 
formula at a "Lagrangian point" pj = : j ^ i is surprisingly easy because according to 
formula (I2.12p only Xi-iiXi are non- vanishing. First, we observe 

5 (4) (X A ) = X 1 X 2 X 3 X 4 = \ e ab X a X b e al yx a 'x b ' = \ (x) 2 (xT • (F.3) 
Let us focus on the case -R12345 at p\. /,From f)2.12p we have 

x\ = -(4|P5Z/ 4 " 5 1 > Xs = (5\pbv£ (F.4) 

and 

Xi = -X4 v*, X5 = -x' 5 vi • ( F - 5 ) 

Then 

5^(Xxi + Y X i) = \ {Xx, + Yx,)\Xx' A + Y X tf. (F.6) 

The second square on the right-hand side is equivalent to 6(X x'4 + Y x'5) so that we can 
rewrite the first square as (XxaV'h) 2 - This in turn sends x'a t° zero in the second term, 
whence 

5 A (X X i + Yxi) = \{XxM 2 {Yx,) 2 = \xVylMnxd 2 (F.7) 
= ^ 2 ^ 2 ^V((4|p 5 ) 2 ((5|p 5 ) 2 = x 2 y 2 (45) 2 ^Vp 4 

4 2/45 2/51 2/45 2/51 

where we have put p 4 = (p 2 )^'(p 2 )( a ^) as before. 
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The five-point case is somewhat degenerate because all five Xi occur in a cyclic fashion 
in the numerator, whereby the labelling is arbitrary. To be definite let r = 1. We find 
immediately 

(45) 2 (5123)(1234) jfa 4 x\A Vu a rF R x 

iti 2345 | pi (2345) (3451)(4512) y | 5 yfi P5 x1aX , a yl yl P 5 I -»J 

where (I3.48P was used to translate to x space. 

At six points or above, Lagrangian components of the R invariants may vanish: In 
some constellations only one or no non-vanishing \ will be amongst the five terms in the 
argument of the delta function. As in the main text, at six points we label the i? rjS _i )Sjt _i )4 
by the missing point, so e.g. R\ = i?23456- For a start, we wish to rewrite Ri\ p * above in 
terms of x space variables. Using (1F.7|) we can immediately rewrite as follows: 



ajg (6234) (45) yf 5 4 xj 5 y\ h 4 
1 x\A (4562) (34) y? 8l & Pe x| 6 x| 6 y? 6 yf 6 Pe 1 ' } 

To do this note that I x\ b /x\ A is conformally invariant: 

x|b = (6234) (6145) = ^3 , , 

x? 4 (4562) (6134) z 13 z 25 ' 1 ' J 

Here we have substituted the momentum twistor four-brackets with the variables Zj as 
discussed previously in Section 13.5.21 in the main text. The one-dimensional cross-ratio can 
be rewritten in terms of the standard six-point cross-ratios: 

2 2 2 2 2 2 

X 31 X 46 z 12 z 45 x 15 x 24 z 23 z 56 X 26 X 35 ^34^61 1 i \ 



X 36 a '41 ^14^25 X U X 25 z 25 z 36 X 25 X 36 z 36 z 41 



to give 



:r 



1 - Ui + M 2 - U 3 + 



^ I = 1 7 ' V , A = (1 - Ul - u 2 - u,f -Au lU2 u, . (F.12) 

xf 4 2(1 - u 3 ) 

To obtain this expression, the simplest way is to use one-dimensional conformal invariance: 
Set, say z\ = 0, z 2 = oo, z 3 = 1 so that ( IF. lip determines u±, u 2 and w 3 in terms of £4,-2:5, zq 
and then take the same limit in (IF.lOj) replacing the z with the u. Conversely, in the z 
variables A becomes a perfect square so that it is easy to verify the last formula. Collecting 
terms we get 

M ~ x lA x lS 2(1 - U3 ) )yWj'- (R13) 
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In a similar fashion we obtain 



x| 5 xj 4 / l +Mi -M 2 -M 3 - y/A \ ygg 4 
M Xlxl 6 xl 5 \ 2«3(l-«3) 'V?.V§/ 8 ' 

^ 5 | P | = 0, 

4,P| xlAxl^ ^ 2u s (l-«i) ^ 2 6 y 5 2 6 P6 ' 
^ 6 | P | = 0. 
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